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The diffusion in and rheology of hydrodynamically interacting colloids con-
fined by a spherical cavity via dynamic simulation is studied as a model for
intracellular and other confined biophysical transport. The modeling of trans-
port and rheology in such confined inhomogeneous soft materials requires an
accurate description of the microscopic forces driving particle motion, such as
entropic and hydrodynamic forces, and of particle interactions with nearby
boundaries. Previous models of such micro-confined transport behavior had
been limited primarily to a single particle inside a spherical cavity. Although
attempts had been made prior to this work to extend such models to more than
one confined particle, none had yet successfully accounted for the effects of hy-
drodynamics, owing to the difficulties of modeling many-body long-ranged in-
teractions. To accurately model spherically confined suspensions, new far-field
mobility functions are derived and, together with the appropriate near-field re-
sistance functions, implemented in a Stokesian-dynamics like approach. The
method fully accounts for all many-body far-field interactions and near-field
interactions both between the particles themselves and between particles and
the enclosing cavity. Utilizing the newly developed method, we study short-
and long- time self-diffusion at equilibrium, with a focus on the dependence of
the former on particle positions relative to the cavity, and of both on volume
fraction and size ratio. It is found that the cavity exerts qualitative changes
in transport behavior, such as a position dependent and anisotropic short-time
self-diffusivity and anisotropic long-time transport behavior. Such qualitative
changes suggest that careful interpretation of experimental measurements in
3D confined suspensions requires accounting for such confinement induced be-
haviors. To elucidate the effects of confinement on inter-particle hydrodynamic
interactions, the method is utilized to determine the concentrated mobility of
particles in the spherically confined domain. Confinement is found to induce
qualitative changes in the functional dependence of particle entrainment with
inter-particle separation. For widely separated particles, the functional depen-
dence on inter-particle separation can be predicted via a Green’s function. How
this behavior can be utilized to develop a more accurate framework for two-
point microrheology measurements near confining boundaries is discussed.
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CHAPTER 1
INTRODUCTION: PARTICLE MOTION IN 3D CONFINEMENT AS A
MODEL FOR INTRACELLULAR TRANSPORT
This chapter provides an overview of previous models of particle motion
in colloidal dispersions, as well as attempts to utilize such models to explain
transport behavior in the intracellular environment. We begin with an overview
of different approaches to model particle motion with hydrodynamic interac-
tions, placing an emphasis on models developed to study particles in spheri-
cally confined domains. Then, we discuss studies utilizing dynamic simulations
to model different features of the cell interior. Lacking in many of these models
is accurate representation of hydrodynamic interactions in fully confined do-
mains.
1.1 Particle motion in unbound and confined domains: a his-
torical overview
Key to the development of theoretical and computational models of col-
loidal dispersions is accurate representation of the forces acting between the
microstructural constituents of the suspension, which can include steric, en-
tropic, and hydrodynamic forces, among others. A primary challenge in such
models is the accurate and efficient representation of hydrodynamic interac-
tions, whose long-range nature precludes simple pairwise approximations of
many-body interactions in concentrated suspensions. Numerous approaches
have been developed to describe microstructural evolution and its connection to
material and flow properties in unbound suspensions, that is suspensions where
1
it may be assumed that particles are immersed in an infinite domain. These ap-
proaches range from pair Smoluchowsky theory for dilute suspensions, where
assuming the suspension is dilute allows for the pairwise addition of hydro-
dynamic interactions, to computational approaches for more concentrated sys-
tems, where many-body hydrodynamic interactions play an important role.
Many important insights into non-Newtonian rheological behaviors such as
flow thinning[11, 15, 149, 91, 178] and flow-thickening[25, 15, 168, 91, 159], flow-
induced diffusion[111, 26, 179, 69, 70], and normal stress differences[27, 50, 177,
35, 36] have been obtained from theoretical and computational models of un-
bound suspensions. However, the study of suspensions perturbed by micro-
scopic confinement from a finite boundary still lags behind.
A confining boundary exerts a strong influence on hydrodynamic interac-
tions between particles, and in turn on suspension dynamics and flow. Studies
examining the effect of wall confinement on diffusion and rheology have re-
vealed qualitative changes to particle dynamics and flow[19, 38, 130, 155, 109,
108, 14, 52, 156, 157, 158, 58, 176, 124, 158], setting a foundation for understand-
ing the effects of confining boundaries. However, growing interest in the me-
chanical transport of fully confined, microscopic systems demands new mod-
els to account for the effects of fully enclosed domains, which can play a role
in many biophysical systems. For example, eukaryotic cells can be viewed as
crowded, watery compartments where particles undergo passive and active me-
chanical transport[164] while enclosed inside the cell membrane. Although the
connection between mechanical transport and cell function is recognized, it is
not well understood, leaving open questions such as what is the underlying ori-
gin of anomalous diffusion, and how does active motion stir the cell interior and
alter diffusion [113, 53, 175, 164, 100, 153, 56, 96, 43, 107, 125, 39, 40, 95, 114, 65,
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30, 66, 174, 129, 166].
Experimental studies of particle diffusion in 3D confined colloids provide in-
formation as to the effects of the enclosure, demonstrating anisotropic particle
dynamics[33, 77] and suggesting that careful modeling and analysis can provide
answers to questions in confined biophysical systems. The most straightfor-
ward approach to model a suspension of particles in a cavity filled with a New-
tonian fluid is to solve the Navier-Stokes equations at all points in the cavity
domain, subject to the appropriate boundary conditions. Numerous analytical
and numerical solutions have been put forth for a variety of systems and bound-
ary conditions, such as a single charged particle with both thin and thick Debye
layers in an uncharged cavity[182, 140, 102, 74, 115, 87, 88], and a soft particle in
a fluid filled cavity [105, 86], among others[101, 76, 75, 73, 163, 115, 110, 86, 103,
104, 105, 89, 72]. Underlying these single-particle problems is a pair-level hydro-
dynamic problem where there are two interacting surfaces: the particle and the
cavity. While successful at the pair level, such methods become intractable or
prohibitively expensive computationally when extended to three or more sur-
faces. A common theme in these approaches is that fluid motion is determined
explicitly, and from it particle motion. An alternative approach would be to by-
pass the explicit calculation of fluid motion, accounting for the effect of the fluid
via hydrodynamic functions that couple particle motion to applied forces. Ap-
proaches focusing on eigenfunction expansions to determine the hydrodynamic
coupling between motion and applied forces for a single particle inside a fluid
filled cavity have been developed[42, 131, 132, 85], but ultimately such analysis
is also restricted to a single enclosed particle.
In unbound suspensions, a successful approach for modeling hydrodynamic
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interactions between two or more hydrodynamically interacting particles has
been through the application of a Green’s function, as done in the Stokesian
dynamics [22] technique. The Green’s function is utilized in an integral repre-
sentation of the velocity field propagated by a forced particle. Subsuequent Tay-
lor expansion of the Green’s function allows the velocity field to be expressed
as a function of moments of the hydrodynamic surface traction over a parti-
cle surface. Faxe´n formulas can then be utilized to determine how the veloc-
ity disturbance of a forced particle impacts the motion of a second, entrained
particle. A particle displacement equation determining how particle positions
evolve over time as they are acted on by hydrodynamic, interparticle, and en-
tropic forces can then be solved through computational methods. Techniques
such as Stokesian dynamics [22] have been utilized to solve many problems in
unbound suspensions[21, 139, 50, 146], and have been recently extended to sus-
pensions confined by planar-walls[157, 158].
The first Green’s function for spherical confinement was reported by
Oseen[134], for a point particle in a fluid filled spherical cavity with no-flux and
no-slip boundary conditions over its surface. This Green’s function has been
utilized to study the sedimentation of a non-colloidal particle inside a spheri-
cal cavity via numerical techniques[144], which again are difficult to general-
ize to many-body systems. Others have sought to express the Green’s function
in terms of the Green’s function of an unbound suspension[119, 120]. This in
hopes of making the Green’s function more amenable to collocation methods
which solve Ladyzhenskaya’s[99] integral representation on a mesh. However,
the approach is nearly intractable beyond the dilute limit due to the presence of
line integrals in the resulting expression. Solutions via Fourier-space multipole
expansions have also been developed[13]. However, these are accurate only in
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the far-field, and the derived framework does not account for lubrication inter-
actions. Felderhof and Sellier[49] applied a leading order approximation of the
Faxe´n formula to Oseen’s Green’s function to obtain analytical expressions for
the motion of a single particle inside a cavity, a result previously obtained nu-
merically via a series expansion in bispherical coordinates[131, 132, 85]. How-
ever, this leading order approximation is not able to capture qualitative features
of the torque-to-translational motion coupling, suggesting that the effects of fi-
nite size must be correctly accounted for in order to accurately model particle
motion.
In this work, we put forth a theoretical model to predict the motion of an ar-
bitrary number of particles in a fluid filled cavity that accounts for both many-
body and lubrication hydrodynamic interactions, both between the particles
themselves and the particles and the cavity. This allows accurate modeling of
a 3D confinement suspension, which can be utilized as a model to study the
effects of confinement on intracellular transport. Next, we discuss previous
computational models developed to study different features of the intracellu-
lar environment.
1.2 Computational models of intracellular transport
Emergent interest in the development of predictive models for transport in
and rheological properties of micro-confined colloidal suspensions is motivated
in part by the degree to which they represent such behavior in confined biophys-
ical suspensions. Eukaryotic cells are an important example for which mechan-
ical transport has been shown to play a critical role in system function, where
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e.g. reports of anomalous diffusion vary widely in measurement and explana-
tion [30, 175, 53, 56, 40, 164, 30, 175]. These confined biophysical systems are
typically crowded, watery suspensions of microscopic particles undergoing a
variety of transport processes as they interact with one another and the confin-
ing wall. Thermal fluctuations are a primary source of particle motion in such
systems, but the combined effects of crowding and 3D confinement on such
Brownian motion have thus far not been extensively studied. The presence of
a confining boundary introduces new length scales into a suspension, in con-
trast to unbound suspensions, where Brownian motion gives rises to three well-
defined diffusive regimes set only by the particle length scale [11, 12, 142, 24].
Short-time self-diffusion of a particle occurs over length scales not even a frac-
tion of particle size, without disturbing the positions of its neighbors. At inter-
mediate times, its motion becomes correlated and subdiffusive as it exchanges
places with its neighbors. At long times, it exchanges places with its neighbors
many times, executing a random walk through the suspension as it undergoes
long-time self-diffusion [24]. Introduction of a confining boundary introduces
a new length scale over which such interactions take place. This in turn influ-
ences micro-structural configuration, particle dynamics, and particle transport
[31, 111]. Accurate modeling of transport processes spanning these different
temporal regimes in confined, crowded, hydrodynamically interacting particu-
late systems must address many-body interactions between the particles, inter-
actions between particles and the confining boundary, and account for the time
scales over which such processes take place.
Prior attempts to model such transport in spherically confined suspensions
[162, 18] have focused on one or two of these features, but none has successfully
modeled all three. While numerous methods of accounting for many-body hy-
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drodynamic interactions in suspensions have been employed successfully in the
study of mono-disperse and polydisperse suspensions in unconfined domains
[22, 71, 97, 147], cylindrical confinement [17, 126, 127], and parallel wall confine-
ment [16, 156, 157, 158], recent attempts to apply such models to study intracel-
lular transport have neglected many-body hydrodynamic interactions entirely,
modeling only pairwise interactions. This choice is typically motivated by steep
computational expense and justified by the claim that such interactions can be
included in a mean-field sense via an adjustable parameter or neglected entirely.
In a recent example, McGuffee and Elcock [122] modeled green fluorescent
protein (GFP) motion in prokaryotic cells as a collection of spheres in an un-
bounded Newtonian solvent, restricting particle interactions to a pairwise elec-
trostatic potential. While the model did recover the expected linear growth in
time of mean-square displacement, the long-time self-diffusion coefficients were
four or five times larger than those observed in experimental measurements.
The authors interpreted the discrepancy as a result of attractive hydrophobic in-
teractions neglected in their electrostatic potential. To counteract this effect, they
added a Lennard-Jones potential with a potential-well depth as an adjustable
parameter to tune the long-time diffusion coefficient obtained in simulation un-
til it matched the experimental results. Such ad hoc modification slows diffusive
motion, but limits the predictive value of the model and may mask the funda-
mental influence of hydrodynamic interactions. The simplification was justified
based on a previous work that suggested a simple renormalization: that at bio-
physically relevant concentrations (volume fractions 10% ≤ φ ≤ 40%), hydro-
dynamic interactions reduce the long-time self-diffusivity measured in Brow-
nian dynamics simulations of freely draining spheres by approximately 50%
[154], a small reduction compared to the four to five fold reduction required by
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McGuffee and Elcock [122]. The discrepancy may arise from two key aspects
of the Sun and Weinstein simulation study that were not considered by McGuf-
fee and Elcock: first, Sun and Weinstein neglected confinement entirely. We
will show in this work that this simplification leads to qualitative errors in dif-
fusive behavior. Second, the hydrodynamically interacting suspension in Sun
and Weinstein was monodisperse, but polydisperse in the model of McGuffee
and Elcock; relative particle mobility is strongly dependent on relative size [82]
and the long-time self-diffusivity can exhibit qualitative changes when the size
ratios are disparate [12, 68]. These two factors suggest that hydrodynamic in-
teractions would exert a much stronger influence on the motion of GFP than
originally hypothesized by the authors. While these studies advance the idea
that crowding exerts an important influence on the dynamics of cell interior, the
neglect of hydrodynamic interactions limits their applicability.
In a more recent attempt to study the effect of polydispersity on GFP diffu-
sion in a prokaryotic cell, Ando and Skolnick (2010) [4] modeled many-body hy-
drodynamic interactions in a polydisperse suspension, neglecting confinement,
utilizing Stokesian dynamics simulations. The authors calculated the long-time
self-diffusivity, finding reasonable agreement with diffusion coefficients for GFP
measured in vivo. Their incorporation of many-body hydrodynamic interactions
resolved the five-fold error of [122], a finding that confirms the importance of
hydrodynamic interactions in biophysical systems. It would be tempting to con-
clude that confinement exerts no influence, but it is important to recognize that
the confining cavity of actual E. Coli. cells is 500 to 2000 times the size of the
particles. That is, the in vivo behavior was essentially studied in the limit of
an unbound suspension. Perhaps the most appropriate interpretation is that
many-body hydrodynamic interactions matter and that confinement can some-
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times be neglected, but only when the boundary is very far away — e.g. very
small particles away from the cell wall.
More recent studies have attempted to model the effects of boundaries. As
with unbound systems, most models simply neglect many-body hydrodynamic
interactions, which can be appropriate in limited circumstances. For example,
Weber et al. [171] simulated a passively diffusing, spherically confined polymer
chain using a Rouse-like bead-spring model, where hydrodynamic interactions
are neglected on the basis that they can be screened in concentrated polymer
solutions [44]. This is an excellent approximation when particles exert a net
force on the fluid over e.g. the chain length scale, owing to their fixed posi-
tion constraint by the chain, permitting the use of the Rouse model. However,
the effect of hydrodynamic interactions can become important in systems with
low to moderate polymer concentration [44]. Indeed, the impact of hydrody-
namic interactions on the behavior of confined polymer solutions remains an
open question, important for understanding their dynamics in the dilute and
semidilute regime, where their motion is not expected to follow Rouse dynam-
ics over all length and time scales [1, 37]. While these studies set a foundation
for understanding the role of confinement and particle interactions in biophys-
ical transport, the neglect of many-body hydrodynamic interactions limits their
applicability to biophysical systems of non-freely diffusing particles or long par-
ticle chains that obey Rouse dynamics.
In an effort to include the combined effects of hydrodynamics and the pres-
ence of an enclosure, other studies have opted to neglect Brownian motion and
crowding. Shinar et al. [145] modeled pronuclear migration during fertilization
of a eukaryotic cell via an immersed-boundary method, which permitted de-
9
tailed modeling of a spheroidal cavity. The pronucleus was modeled as a spher-
ical particle and was immersed in a Newtonian fluid (cytoplasm). The authors
showed that the presence of the enclosure significantly increases the hydrody-
namic drag force on the nucleus, and that the dynamic behavior of microtubules
produce complex cytoplasmic flows. The results highlight the importance of
confinement on intracellular transport, and particle-motion induced flow. How-
ever, the interplay between Brownian motion and hydrodynamic forces is well
known to lead to important deterministic forces and non-Newtonian effects that
are relevant in such microtubule-driven flow. By neglecting Brownian motion
in the model, these effects and their influence on e.g. osmotic pressure and ef-
fective cell “temperature” [100] are lost.
In a more recent approach to modeling crowding, many-body interactions
and confinement, Chow and Skolnick [34] circumvented the detailed hydro-
dynamic modeling of the boundary by simply building a large spherical shell
from small, individual particles. The size of the spherical “bricks” from which
the cavity wall was constructed were the same size as particles placed inside the
cavity. Unfortunately, such cavities are inherently leaky: as long as the “bricks”
have finite size, it is impossible to avoid gaps through which solvent can flow.
For example, the highest possible packing density for the spheres, hexagonal
packing, is less than 91%, meaning that at a minimum 10% of the surface permits
leaks. This would lead to an under-prediction of the hydrodynamic coupling
between the particles and the wall. Beyond this inaccuracy, another disadvan-
tage of approximating the boundary as a collection of spheres is the increased
computational cost of having to model N + Nb particles, where N is the num-
ber of enclosed particles of interest, and Nb is the number of particles that make
up the boundary — the latter of which cannot be used to calculate dynamical
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properties. This computational cost diverges as the cavity gets large because
Nb ∼ (R/ab)2, where ab is the radius of the boundary particles. While the study
did report that the enclosure slowed particle velocity, no diffusion coefficients
were reported. The authors hypothesized that, if they could measure diffusion,
it would be reduced by confinement, and claimed that the long-time behav-
ior of the suspension yields no useful information, given that at long enough
times, the mean-square displacement of particles will reach a plateau with a
value related to cavity size [162]. In consequence, the simulations conducted
were too short to identify short- or long-time behaviors. As will be shown in
the present work, the mean-square displacement of concentrated spherically
confined suspensions shows a rich set of behaviors at short and intermediate
lag times such as anisotropy, position dependence and anomalous transport.
Such behaviors motivate the need for a more careful consideration of diffusive
temporal regimes in 3D confined suspensions.
The ‘lag time’ over which mean-square displacement is measured deter-
mines which relaxation and rate processes are sampled. Indeed, measure-
ments of subdiffusive behavior may indicate so-called anomalous diffusion
[167, 54, 28, 160] or may simply indicate that the measurement lag time sampled
the correlated motion inherent in the transition from short- to long-time self dif-
fusion. In an attempt to recover and explain anomalous diffusion in eukaryotic
HeLa cancer cells, Weiss et al. [173] conducted Brownian dynamics simulations
of a freely draining dense suspension of polydisperse spheres. Measurements
of mean-square displacements revealed a sublinear temporal growth that weak-
ened as crowding increased, from which the authors inferred that crowding
produces subdiffusion of mobile colloids. However, the power-law exponent
in simulations did not agree with that found in experiments, a discrepancy at-
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tributed by the authors to their approximation of proteins as spheres. But the
simulation particles were also mobile and the fluid force-free; thus, an equally
likely cause for the measured subdiffusion was that the selected lag time sam-
pled correlated motion — during the transition from the short-time to long-time
regime. Although the study helped advance the idea that crowding is an impor-
tant feature of the cell interior, the connection between the subdiffusive motion
observed in simulations and experiments remains unclear. A more careful in-
terrogation of diffusive regimes would shed light on this question, as would
inclusion of hydrodynamic interactions and the presence of boundaries.
The work presented in this thesis aims to develop a simulation method that
accurately accounted for both many-body and lubrication interactions between
particles and the confining boundary in a spherically confined suspension. This
model is then utilized to study the effects of confinement on short- and long-
time transport properties of colloidal dispersions, which serve as a model sys-
tem for micro-confined biophysical transport. The thesis is organized as fol-
lows. In chapter 2, we begin with a brief overview of the theory of Stokes flow
and diffusion in colloidal dispersions. Chapter 3 then gives a brief overview
of simulation techniques that will be utilized in later chapters to study trans-
port and rheology in spherically confined suspensions. In chapter 4, we uti-
lize a Green’s-function approach to derive a new set of far-field hydrodynamic
mobility functions for finite size particles confined inside a spherical cavity [6].
The Stokesian dynamics [22] framework is then utilized to develop a simulation
method for spherically confined suspensions that accounts for both many-body
and lubrication hydrodynamic interactions. In chapter 5 [8], we implement the
theoretical framework from chapter 4 into dynamic simulations to study the
short- and long-time transport properties of spherically confined suspensions.
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Finally, we determine the concentrated pair mobility of particles in spherically
confined suspensions to study the combined effects of confinement and crowd-
ing on hydrodynamic entrainment in chapter 6 [7].
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CHAPTER 2
BACKGROUND: HYDRODYNAMIC INTERACTIONS IN COLLOIDAL
SUSPENSIONS
In this chapter we give an overview of colloidal hydrodynamics and the
methods utilized to model hydrodynamic interactions between particles in col-
loidal suspensions. We begin with a brief overview of the importance of hydro-
dynamic interactions, and different simulation techniques utilized to account
for such interactions. This is followed by a discussion introducing the basics
of Stokes flow, with which an arbitrary linear flow field can be constructed.
We focus on the solution to simplified problems, such as a single particle in an
unbound domain or a spherically confined particle concentric to the confining
cavity. Finally, we discuss the method of reflections in the context of Stokesian
dynamics simulations, where inversion of the far-field grand mobility matrix
accounts for an infinite number of reflected far-field interactions between an
arbitrary number of interacting particles.
2.1 Hydrodynamic interactions and their role in diffusion and
rheology
Hydrodynamic interactions can strongly impact transport and rheology in
colloidal dispersions and other complex fluids. Such interactions arise in sys-
tems containing a dispersed phase immersed in a solvent. Motion relative to the
solvent or forces acting on any of the microscopic constituents of the dispersed
phase propagate disturbances which impact the motion and forces over other
elements of the dispersed phase. The traditional model system to study such
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interactions in colloidal dispersions is that of no-slip, hard-sphere particles im-
mersed in a Newtonian solvent. In this model system, particle motion relative
to the fluid or forces acting on the particles will propagate a disturbance velocity
field which will affect the motion and hydrodynamic drag force of other parti-
cles. The velocity disturbance in this model system is characterized by a slow
1/r decay, where r is the center-to-center separation between the particles. As a
consequence, many-body interactions (i.e. interactions between three or more
particles) are important. Due to the small size of colloidal particles, fluid inertia
is negligible and fluid motion is governed by the Stokes equations. We begin
with an overview of canonical problems in Stokes flow — translation, rotation
and strain — from which an arbitrary linear flow field can be constructed due to
the linearity of the Stokes equations. In unbound suspensions, exact solutions
are available for the case of a single particle subjected to each of these flows.
In addition to providing an overview of these well known cases in unbound
domains, we will consider the case of a confined particle concentric with the
spherical cavity, due to its relevance to the present work.
2.2 The Stokes equations
The Navier-Stokes equation governing the motion of an incompressible,
Newtonian fluid can be derived from Cauchy’s equation of motion. The re-
quired assumptions are that the fluid be of constant density, and that the devia-
toric stress is given constitutively by Newtons law of viscosity. Conservation of
momentum in the Navier-Stokes equations is then given by,
Du
Dt
= −∇P + η∇2u. (2.1)
15
Here, u is the velocity field of the fluid, P is the fluid pressure, η the fluid vis-
cosity, the operator D/Dt represents the material derivative, and the gradient
operator ∇ is taken with respect to position variable x. To recast equation 2.1 in
















where U is a characteristic velocity, L a characteristic length scale, L/U a charac-
teristic time, and ηU/L the viscous scaling for the pressure. The scaled Navier-




= −∇˜P˜ + ∇˜2u˜, (2.3)
where Re = UL/ν is the Reynolds number and ν the kinemactic viscosity. The
Reynolds number is a dimensionless quantity representing the ratio of inertial
to viscous forces acting on the fluid.
Conservation of mass is enforced by the continuity condition, written math-
ematically as
∇ · u = 0. (2.4)
Both artificial and naturally occurring colloidal suspensions are comprised
of microscopically small particles, ranging in size from tens of nanometers to
tens of µ-meters, motivating the use of a scaling analysis of equation 2.3 to iden-
tify the important physics. Considering a spherical particle with a 1 µm radius,
immersed in water at 30oC with a kinematic viscosity ν = 0.801m2/s, yields a
Reynolds number on the order of ∼ U 10−12s/m. Such a small Reynolds num-
ber suggests that conservation of momentum on the particle length scale may
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be modeled by taking the limit Re → 0 in equation 2.3, which yields in dimen-
sional form,
0 = −∇P + η∇2u. (2.5)
Equations 2.5 and 2.4 form a set of linear, elliptical partial differential equa-
tions known as the Stokes equations, and in combination with the neccessary
boundary conditions form a well posed problem. The Stokes equations describe
fluid motion in the Low Reynolds number limit — where fluid inertia is negli-
gible, and have been utilized extensively to describe the motion of microscopic
bodies when they are immersed in Newtonian solvents. Examples inlcude the
motion of colloidal particles[82], bacteria[116], and particles in the interior of
cells[4].
Due to the linearity of Stokes equations, the fluid velocity field propagated
by a particle subjected to an arbitrary linear flow field can be describe by su-
perimposing three basic flows: translational flow, rotational flow, and straining
flow. Next, we present basic solutions to these canonical problems, both in an
unbound domain and in the simplified case of a spherically confined particle
concentric with the confining cavity.
2.3 Canonical problems in Stokes flow
In this section we give an overview of the basic solutions to Stokes equations.
In particular, we present the results that illustrate the basic building blocks of
Stokes flow: rotational flow, translational flow, and straining flow. Because of
the linearity of Stokes flow, results from these basic building blocks can be com-
bined to represent an arbitrary linear flow field when fluid motion is governed
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by Stokes equations. The basic solutions of Stokes equations are well known for
a single particle in an unbound domain (e.g. see Guazzelli and Morris (2012)[60]
for an overview). For a single particle concentric with a spherical cavity, several
authors have studied rotational and translational motion[42, 106, 62, 63]. To the
best of our knowledge, a straining flow inside a spherical cavity had not been
studied in the literature, making the stresslet result presented here new.
2.3.1 Solid body rotation
Let us consider a hard, no-slip, spherical particle located at a position x0 in
space and surrounded by a Newtonian solvent undergoing a solid body rota-
tion. The particle is located at the center of rotation of the fluid, and thus no
force is required to hold it fixed. We are interested in the hydrodynamic torque
exerted by the fluid on the particle at its surface. To calculate the torque, we
require the disturbance velocity and pressure fields. The disturbance velocity
and pressure fields are defined as,
u(x) = u′(x) − u∞, (2.6)
P = P′ − P∞, (2.7)
where u∞ and P∞ are the imposed velocity and pressure fields, and u′(x) and P′
the velocity and pressure fields in the presence of the particle. The disturbance
fields measure how the presence of the particle perturbs the fluid relative to the
imposed flow. In the case of solid body rotation with a center of rotation at x0,
the imposed velocity field is u∞ = ω∞∧ x0, whereω∞ is the vorticity vector in the
fluid and ∧ represents the cross product operator. Because fluid perturbations
arising due to the presence of the particle should decay as the distance to the
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particle x increases, we infer the following boundary conditions far from the
particle,
u(x) = 0, |x| → ∞, (2.8)
P = 0, |x| → ∞. (2.9)
The boundary condition over the surface of the particle is that of no-slip,
thus the fluid velocity is equal to the particle velocity at the particle surface. As
a consequence of Galilean invariance, we can a change the coordinate system to
consider the equivalent problem of a rotating particle in an otherwise quiescent
solvent. In this case, the boundary conditions over the particle surface are,
u∞ = −ω∞ ∧ x0, r = |x − x0| = a. (2.10)
We proceed to solve the problem by using equations 2.8, 2.9, and 2.10 as bound-
ary conditions.
To find a solution to the governing equations 2.5 and 2.4 subjected to the
boundary conditions 2.8, 2.9, and 2.10, we will use the following strategy. First,
we note that by taking the divergence of equation 2.5, we find that the pressure
field satisfies Laplace’s equations. This implies a solution for the pressure can
be obtained in the form of spherical harmonics. Then, owing to the linearity of
the governing equations, we can write the solution for the velocity as the sum
of a homogeneous solution that satisfies Laplace’s equations, and a particular
solution related to the pressure field. In this form, the solution for the velocity
field is given by,




where uH and P both satisfy Laplace’s equation. A general solution expressed as
an infinite series of spherical harmonics can be found for uH and P. Application
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of the boundary conditions far from the particle demonstrate that any growing
spherical harmonics need to be discarded. Due to the linearity of Stokes equa-
tions, the solution must be linear in the forcing, i.e. it must be linear in ω∞. By
utilizing the requirement of linearity and parity symmetry — where the latter
results in the requirement that a real tensor cannot be equal to a pseudo tensors
— we can determine which spherical harmonics must be kept in the solution.
Subsequent application of the boundary conditions and incompressibility yield
the result,





P(x) = 0, (2.13)
where r = |x − x0|.
The hydrodynamic torque acting on the particle in an unbound domain can
then be determined by integrating the hydrodynamic surface traction over the
particle surface yielding,
Th = 8piηa3ω∞. (2.14)
Solutions of 2.5 in terms of an infinite series of spherical harmonics typically
require a spherically symmetric geometry. For a particle confined inside a spher-
ical cavity of radius R, the only spherically symmetric geometry is the limiting
case of a particle that is concentric with the spherical cavity. To develop a solu-
tion for the disturbance velocity and pressure fields propagated by a confined
particle concentric with the spherical cavity, we will follow the same procedure
utilized to derive the corresponding result in an unbound domain. However,
in contrast to the solution in an unbound domain, in the confined domain we
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must keep the growing spherical harmonics, given that the velocity is finite at
the cavity wall. We must also note that the velocity disturbance must now be
defined relative to the velocity at the cavity wall. We will consider the problem
where the particle rotates while the cavity remains fixed in space, meaning that
at the cavity wall the fluid satisfies: u = 0 at |x| = R. In the confined domain, the
velocity is given by,








The constants Cr1 and C
r
2 are determined from the boundary conditions and the
incompressibility condition as Cr1 = (λ
3
c − 1)−1 and Cr1 = −λ3c(λ3c − 1)−1, where
λc = a/R is the ratio of the particle size to the size of the cavity.
Integration of the hydrodynamic surface traction over the surface of the par-
ticle yields the hydrodynamic torque the particle surface as,
Th = −8piηa3Cr1ω∞. (2.16)
Note that in equation 2.15 and 2.16 , the velocity field and hydrodynamic
torque in an unbound domain are recovered in the limit λc → 0.
2.3.2 Translation
In this section, we consider a fixed particle immersed in a uniform velocity
field u = U∞. In contrast to rigid body rotation of the fluid, the uniform stream
does not cause the particle to rotate and thus no torque is required to hold it
fixed. The uniform stream instead causes the particle to undergo translational
motion, and thus a force is required to hold the sphere fixed in space. We are
interested in the hydrodynamic drag force exerted by the fluid on the particle
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surface. As with rigid body rotation, to determine the drag force we must de-
termine the velocity disturbance propagated by the particle. To proceed with
the method of solution we will again change the coordinate system to obtain an
equivalent problem — a particle translating through the fluid with a constant
velocity. The boundary condition at the particle surface is then,
u = −U∞, r = a. (2.17)
We follow the same procedure outlined in the previous section to obtain the



























Integrating the hydrodynamic surface traction over the surface of the parti-
cle yields the hydrodynamic drag force as,
FH = 6piηaU∞. (2.20)
Equation 2.20 is the well know Stokes drag law, determined by George
Grabriel Stokes in 1851.
For a confined particle concentric with the spherical cavity, the boundary
conditions far-from the particle must change. Instead of the flow decaying to
zero infinitely far away from the particle, we consider the cavity to be motion-
less, and thus the flow decays to zero at the cavity wall r = R. By following
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the same procedure as done in the case of a particle rotating at the center of the
cavity, the instantaneous velocity and pressure disturbances propagated by a











































4 are determined from the boundary condi-








c + λc + 1
)
(λc − 1)3 (4λ2c + 7λc + 4) (2.23)
Ct2 =
−4λ5c − 4λ4c − 4λ3c − 9λ2c − 9λc








(λc − 1)3 (4λ2c + 7λc + 4) (2.25)
Ct4 =
λ2c + λc + 1
(λc − 1)3 (4λ2c + 7λc + 4) (2.26)
By integrating the hydrodynamic surface traction over the particle surface,




Note that the result in an unbound domain is recovered from equations 2.21,
2.22, and 2.27 in the limit λc → 0.
2.3.3 Straining
In this section, we consider a particle subjected to a straining flow, which
corresponds to a velocity field of the form u = E∞ · x ,where the second order
tensor E∞ is a constant rate of strain. As with rigid body motion or uniform
flow, we can impose a straining flow far from the particle or consider the parti-
cle to undergo a straining motion that creates the same disturbance velocity and
pressure fields. Note that the latter case might seem artificial, because we con-
sider hard (i.e. non-deformable) particles, but it provides a convenient method
of solution by considering the boundary conditions over the particle surface to
be,
u = −E∞ · x, r = a. (2.28)
We interpret the resulting velocity and pressure disturbances propagated by the
particle as the instantaneous disturbance propagated before the particle has had
time to deform.
Solving the Stokes equations with the strain boundary conditions yields the
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The stresslet over the particle surface can then be calculated by integrating





To consider a straining flow inside a spherical cavity the boundary condition
at the cavity wall must be u = E∞ ·x||x|=R, so as to produce a pure straining motion
at the cavity surface. The flow instantaneously propagated by the cavity wall
before it has time to deform can then be modeled has a straining flow inside a
spherical cavity. To solve this problem we will follow the same strategy utilized
for a particle in an unbound straining flow: we express the boundary condition
as a straining motion at the particle surface with a motionless cavity wall via
a change of coordinates. Solution of the Stokes equations with these boundary
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(λc − 1)3 (4λ6c + 16λ5c + 40λ4c + 55λ3c + 40λ2c + 16λc + 4) , (2.36)
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Integration of the symmetric first moment of the hydrodynamic surface trac-















2.4 Beyond single particle results: Pairwise hydrodynamic in-
teractions in hard-sphere suspensions
The study of particle motion in Low Reynolds number flows dates back to
the work of George Gabriel Stokes, who in 1851 determined the drag force ex-
erted over the surface of a particle moving at a known velocity through a New-
tonian fluid in the Stokes flow regime. The resulting equation is the well known
Stokes drag law. Later treatments aimed to calculate the drag force over the
surface of a particle in the presence of a second particle, i.e. the hydrodynamic
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interaction between a pair of particles in Stokes flow. Early methods to calculate
hydrodynamic interactions between a pair of particles were developed by Jef-
fery and co-workers[79, 80, 151]. Jeffery and co-workers focused on particle mo-
tion giving rise to axisymmetric flows, which are amenable to solutions via the
method of streamfunctions. The authors utilized an eigenfunction expansion
of the streamfunction in bispherical coordinates to arrive at the hydrodynamic
coupling in the form of an infinite series. The coefficients of the infinite series
could be determined by solving a linear system of equations obtained from re-
cursive relations, where the recursive relations were derived through applicatin
of the boundary conditions and incompressilibty. Similar methods were later
applied to study the coupling of a translating particle near a planar wall[31]. To
study the motion of a particle rotating near a planar wall when the particle axis
of rotation is parallel to the wall, Dean and O’Neill (1963) [45] developed a so-
lution of Stokes equations in cylindrical coordinates by expressing the velocity
and pressure fields in terms of a set of auxiliary functions. These auxiliary func-
tions satisfied a set of partial differential equations which where amenable to a
series solution in bispherical coordinates. Coefficients in the infinite series could
then be determined by application of the neccessary boundary conditions and
the incompressiblity condition. The method was later applied to study transla-
tional motion of a particle near a wall [130], and asymmetric motion between
an unbound particle pair and a particle in a spherical cavity[169, 117, 131]. This
early work focused on determination of the hydrodynamic force and torque on
a pair of particles undergoing translational or rotational motion. Interest in de-
termining the hydrodynamic stresslet did not begin until the work of Batchelor
(1970) [10], which recognized the importance of the stresslet in the calculation of
the particle-phase stress. Green and Batchelor (1972) [59] determined the hydro-
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dynamic stresslet on a pair of particles of different radius subjected to a linear
shear flow via the method of reflections, and provided numerical solutions for
the hydrodynamic coupling between the stresslet and a linear shear flow. Dur-
ing the same year, Brenner and O’Neill (1972) [32] established the general frame-
work for describing particle motion in terms of a ’grand resistance matrix’. They
described the form of the resistance functions, and the corresponding solutions
in bi-spherical coordinates, but did not provide numerical solutions.
Later work focused on establishing methods of solution that could be im-
plemented in dilute theory of dynamic simulations. Notable work in this area
included that of Jeffrey and Onishi (1984) [82], which focused on the force and
toque couplings to translational and rotational velocities. They developed a
well ordered set of analytical relations describing the hydrodynamic interac-
tions between two different sized particles in both the resistance and mobility
formulations. The first calculation of hydrodynamic resistance and mobility
functions including couplings with the strain and the stresslet was carried out
by Kim and Mifflin (1985) [94], who utilized boundary collocation techniques to
numerically solve the Stokes equations. Solutions for particles of unequal radii
for the hydrodynamic coupling functions involving the stresslet and strain field
were later developed[84]. Although previous work had ignored the trace of the
stresslet due to it not impacting particle motion, it was later demonstrated that
the stresslet trace is related to the particle-phase osmotic pressure [23]. This mo-
tivated the development of the neccessary hydrodynamic coupling functions
to determine the trace of the stresslet[83]. More recently the hydrodynamic
coupling from axisymmetric motion of a particle inside a spherical cavity was
determined[85]. Other recent work has focused on the motion of a pair of par-
ticles in non-linear flow fields and studying the hydrodynamic interactions be-
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tween a pair of particles in quadratic flows [61, 141].
Pairwise hydrodynamic couplings have been utilized extensively for the
modeling of dilute suspension via dilute Smoluchowsky theory, which has pro-
vided valuable insight into many problems in colloidal dispersions (cf. §1.1).
However, predicting suspension behavior beyond the dilute limit requires the
use of computational methods capable of accounting for many-body hydrody-
namic interactions. The different methods to account for such interactions are
discussed next.
2.5 Many-body interactions
Accounting for many-body hydrodynamic requires the consideration of
three or more particles. Although analytical progress can be made [121, 13]
to calculate such interactions, the complexity of the resulting expressions limits
their use in many applications. This has motivated the development of com-
putational techniques to study the effects of many-body hydrodynamic interac-
tions.
At the finest level of detail, molecular dynamic (MD) simulations[3] are able
to account for many-body hydrodynamic interactions through the explicit mod-
eling of solvent molecule collisions. However, the large number of molecules
needed to model fluid at the length scales relevant to colloidal particles make
such simulations prohibitively expensive in most practical applications. To
mitigate the high-computational cost of modeling solvent molecules explicitly,
methods that are able to coarse grain the solvent molecules have been devel-
oped. Lattice Boltzmann techniques[123] model the effect of the solvent by con-
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sidering particles moving through lattice. Utilizing collision operators particle
collisions at lattice sites are resolve in such a way as to model fluid motion.
The method is able to model fluids at finite Reynolds numbers as well as de-
formable particles. However, in the modeling of colloidal dispersions[97, 98],
errors lead to a loss of Galilean invariance, which in turn results in poor pre-
diction of sensitive rheological properties such as normal stress differences[2].
Another method that aims to coarse grain the solvent molecules is dissipative
particle dynamics[71]. Here, effective solvent-solvent interactions are derived
as to conserve mass and momentum in the fluid while reducing the number of
explicit solvent molecules present in the simulations. The method is computa-
tionally efficient at modeling colloidal dispersions. However, because multiple
solvent molecules are accounted for utilizing a single particle with an effective
inter-particle potential, mapping the simulation data to properties of real sys-
tems and obtaining quantitatively accurate predictions remain areas of current
research[20].
Another coarse-graining approach is to coarse-grain the solvent into a con-
tinuous medium, alowing it to be modeled utilizing Cauchy’s equation of mo-
tion. For example, assuming the solvent to be Newtonian allows for the ap-
plication of the Stokes equations. Several computational methods utilizing this
coarse-graining approach have been applied to the modeling of colloidal sus-
pensions. Direct numerical simulations[133] apply a variety of numerical meth-
ods to solve the fluid’s governing equations with the necessary boundary con-
ditions over particle surfaces. This approach can be utilized beyond the Stokes
flow regime, for example to model Non-Newtonian solvents or systems with
fluid inertia. However, modeling of concentrated suspensions via such ‘brute
force’ approaches commonly results in a prohibitively high computational cost.
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Other approaches that rely on obtaining explicit numerical solutions of the
equations governing fluid motion are immersed boundary methods[137, 138].
Immersed boundary methods rely on solving the governing equations for fluid
motion on a grid. The method is developed such that it models the boundary
conditions over different surface without requiring the grid points to be located
at such surfaces. As with direct numerical simulations, the method is able to
model systems beyond the Stokes flow regime. However, modeling of concen-
trated suspension and lubrication interactions would require a large number
of grid points, making the method computationally expensive. Other methods
aim to not only coarse grain the solvent, but also the suspended medium. For
example the multi-phase particle-in-cell method [5] couples the Navier-Stokes
equations to a particle distribution function that models the evolution of the
suspension microstructure. Although the method is able to model concentrated
suspensions efficiently, it makes use of empirical relations and thus requires ad-
ditional information on the system of interest.
The premier method to accurately model many-body and lubrication hy-
drodynamic interactions in colloidal suspensions of hard, spherical parti-
cles with a no-slip surface immersed in a Newtonian solvent is Stokesian
dynamics[48, 22, 147]. The method circumvents the need to model fluid mo-
tion explicitly by modeling its effect on particle motion through the use of hy-
drodynamic couplings. It has been demonstrated to provide accurate measure-
ments of both equilbrium and non-equilbrium properties in hard-sphere col-
loidal dispersions[22, 51, 146]. Because it provides a framework to accurately
and efficiently simulate suspensions with many-body and lubrication hydrody-
namic interactions, we will utilize this framework as a starting point to develop
a new simulation method for spherically confined colloidal suspensions. An
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brief overview of the Stokesian dynamics framework is given next.
2.6 Brief Overview of many-body low-Re hydrodynamics
In this section we present a brief review of the fundamentals of low-
Reynolds number hydrodynamics for unbound suspensions, with a focus on the
representation of many-body interactions. Although formulation of the prob-
lem begins with expressions for detailed fluid motion, solution of such expres-
sions is bypassed utilizing well-known techniques that combine Taylor expan-
sions and Faxe´n formulae. We consider a suspension of N particles of size a
immersed in an incompressible Newtonian fluid of density ρ and viscosity η.
Particle motion of characteristic speed U sets the fluid into motion; because the
particles are small, the Reynolds number Re = ρUA/η << 1. Thus the impor-
tance of inertial forces in the fluid compared to viscous forces is negligible, and
the Navier-Stokes equations governing fluid motion become the Stokes equa-
tions.
In Stokes flow, fluid-surface interactions can be treated via the approach
of Ladyzhenskaya [99] whereby the so-called integral representation gives the
fluid disturbance velocity field u′(x) = u(x) − u∞(x), where u(x) is the velocity at
any field point x in the suspension, including that due to forces exerted by par-
ticles on the fluid, where u∞(x) is any far-field imposed flow. The force density
over the surface points y of a particle is given by the Cauchy relation, f (y) = n·σ,
where n is the unit surface normal pointing outward from the particle surface
and σ is the stress exerted on the particle surface by the fluid. The fluid distur-
bance due to the force propagates from all y throughout the fluid, i.e. to all field
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points x, as set by the Green’s function propagator G(x, y) corresponding to the
physical domain. The fluid disturbance velocity u′(x) arising from forcing of a




f (y) · G(x, y)dS y+ (2.39)∫
S∞
f (y) · G(x, y)dS y
]
,
where the second integral, over the surface at infinity, acts to conserve mass.
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which decays as 1/r, where r = |x − y|. A simple scaling argument shows that
the second integral in (2.39) decays with increasing distance from the surface of





f (y) · G(x, y)dS y. (2.41)
Direct solution by numerical methods is possible but leads to divergent contact
forces, as discussed in §1.1. This difficulty is bypassed by moving the Green’s
function out of the surface integral via a Taylor expansion of G about the center
of particle α. The resulting expansion, often referred to as a multipole expan-
sion, comprises a series of moments of the hydrodynamic surface traction rˆ · σ,
where σ is the fluid stress and rˆ = (y − yα)/|y − yα| is the unit normal pointing
outward from the surface of the particle and yα is the location of the center of





























: SHα + ..., (2.42)
where the hydrodynamic force FH, torque LH, and stresslet SH are the zeroth
moment and the antisymmetric and symmetric parts of the first moment of
the hydrodynamic surface traction, respectively. In addition, irreducible second
and third moments of the traction are included in G and K, where the couplet K
is given by
K(x, y) = (∇yG(x, y) + (∇yG(x, y))T ). (2.43)
Physically, the motion of a particle α sets the fluid into motion with a velocity
u′(x) relative to the imposed flow, which in turn entrains other particles β. The
corresponding motion of particles β can be determined, to leading order, via
Faxe´n formulae. The Faxe´n formulae for translational, rotational, and straining
motion, Uβ, Ωβ, and Eβ respectively of a particle β in any disturbance flow field
u′(x) are
Uβ − u∞(xβ) = Fβ6piηaβ +
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. (2.48)
Insertion of equation 2.48 into equations 2.44, 2.45 and 2.46 yields a set of lin-
ear relations between particle motion and hydrodynamic force, torque, stresslet,
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Each element of the grand mobility matrix comprises sub-matrices that couple
the motion of each particle to the traction moments of all other particles. For











where each submatrix is itself a second-rank tensor coupling particles to one
another. So-called self-mobility tensors (αα and ββ) characterize the motion of
a particle in response to a hydrodynamic force on its own surface. In contrast,
pair-mobility tensors (αβ and βα) characterize the entrainment of one particle by
the motion of another. The grand mobility matrix depends only on geometry;
for an unbound domain, it is set entirely by particle size, shape, and microstruc-
tural configuration. The minimum dissipation theorem demands a symmetric
and positive-definite grand mobility matrix; this must be ensured in any model
for hydrodynamically interacting colloidal particles based on this representa-
tion.
In many suspension mechanics problems, the forces acting on particles are
known (e.g. gravity, electric fields, magnetic fields), and particle motion is
sought. Equation 2.51 appears ready to solve this problem—but two issues re-
main. First, a practical problem: one must solve an infinite hierarchy of equa-
tions, relating motion to an infinitude of hydrodynamic moments. More funda-
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mentally, the mobility matrix in equation 2.51 is a strictly pairwise formulation
of the interaction between the particles and further, accounts only for the “first
reflection” of hydrodynamic interactions—that is, the entrainment of particle β
by particle α in turn creates a new disturbance flow that is not captured by sum-
ming the disturbance flow of individual particles via this integral formulation
approach. Brady and co-workers [48] showed that inverting the mobility ma-
trix, however, automatically couples all (infinitely many) reflections between all
particles, similar in ethos to a geometric series expansion, thus accomplishing
the task of transforming the pair-level problem into a full many-body hydrody-
namic coupling. The inverse of the grand mobility matrix is the grand resistance
matrix,M−1 = R:

RUF RUL RUS . . .
RΩF RΩL RΩS . . .
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giving the full many-body coupling between hydrodynamic traction moments
and particle motion.
The practical problem of an infinite hierarchy of equations is solved in a
correspondingly practical way: The mobility matrix is simply truncated to a
finite number of moments. The physical consequence of such approximation
is the omission of near-field interactions between particles, and thus it gives a
far-field grand mobility tensor, denoted M f f . The task of accounting for near-
field interactions is easily and rigorously carried at by simply re-introducing
the omitted interactions by linear superposition of the analytical, exact pairwise
resistance functions, a technique central to the Stokesian dynamics approach
37
pioneered by Brady and Bossis [22]. The resulting matrix forms a complete,
many-body near- and far-field hydrodynamic coupling tensor
R = (M f f )−1 + Rn f . (2.53)
Here, (M f f )−1 is the inverse of the truncated far-field grand mobility matrix,
capturing an infinite number of reflections between all particles. The near-field
interactions are incorporated via a near-field two-body resistance tensor, Rn f .
The functions that form the unbound-suspension matrices are well-established
and can be found in the literature [82, 93, 81]. Because the far-field coupling
also counts the far-field pair interactions, the far-field pair couplings have been
subtracted from M f f to avoid double-counting. Recent computational studies
of confinement effects have extended these ideas to account for confinement by
single [155] or parallel [156, 157] walls, where the domain is still semi-infinite,
i.e. only partially bound. In this study, we develop the theoretical model for 3D
micro-confined hydrodynamically interacting particles enclosed inside a spher-
ical no-slip boundary.
The linearity relation between particle motion and hydrodynamic force,
torque, and stresslet are then expressed in terms of the grand resistance ma-
trix R comprising the near-field resistance tensor and the inverse of the far-field














This expression can be decomposed line-by-line to obtain particle motion while
retaining the reflections between all particles. For example, the first equation





)−1 · [FH + RFΩ ·Ω − RFE · E∞] (2.55)
≡ −MUF ·
[
FH + RFΩ ·Ω − RFE · E∞
]
, (2.56)




)−1 · [LH + RLU · U − RLE · E∞] (2.57)
≡ −MΩL ·
[
LH + RLU · U − RLE · E∞
]
. (2.58)
Thus, to compute the motion of particles in a hydrodynamically interacting
suspension, one must compute the configuration-dependent couplings between
particles RUF and RΩL, along with the analogous couplings RUL, RΩF , RES , RΩS ,
REF . The total, many-body mobilityMUF ,MΩL,MUL,MΩF ,MES ,MΩS , andMEF
couplings can be obtained upon blockwise inversion of the total, many-body re-
sistance coupling as shown in equations 2.56 – 2.58. Henceforth this notation
refers to the total, many-body couplings between all particles.
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CHAPTER 3
THEORETICAL AND SIMULATION METHODS
In this chapter, we give a brief overview of computational techniques that
will be utilized throughout this thesis. We begin with a discussion of the simu-
lation techniques utilized to conduct dynamic simulations in 3.1. Section 3.2 dis-
cusses the stochastic techniques utilized to accurately and efficiently determine
short-time transport properties. Finally, section 3.3 discusses the calculation of
the concentrated pair mobility in spherically confined suspensions.
3.1 Dynamic simulation
We consider a suspension of N spherical colloidal particles of radius a im-
mersed in a Newtonian solvent confined inside an impermeable, no-slip spher-
ical boundary of radius R. The size of the particles relative to the enclosure
is given by the particle-to-cavity size ratio λc = a/R. Figures 3.1(a)-(b) give
snapshots from three simulations with different volume fractions and particle-




Figure 3.1: Simulation snapshots illustrating variation of particle-to-
cavity size ratio λc and volume fraction φ. (a) λc = 0.2, φ = 0.1.
(b) λc = 0.1, φ = 0.3. (c) λc = 0.05, φ = 0.05.
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suspensions, particle motion is governed by the N-body Langevin equation,
m · dU
dt
= FH + FB + FP + Fext, (3.1)
where m is a generalized mass/moment of inertia tensor and U is a general-
ized velocity vector of the translational and rotational particle velocities relative
to the fluid. The right-hand side of equation 3.1 represents the net force (and
torque) acting on each particle. The total force and torque comprise four con-
tributions: FB is a Brownian (stochastic) force and torque satisfying Gaussian
statistics and arising due to the numerous collisions of solvent molecules with
the particle surface during time intervals much longer than the solvent time
scale, and FP gives the force and torque derivable from the inter-particle inter-
action potential. An externally applied force and torque, Fext, may also act on
the particles. Finally, FH is the hydrodynamic force and torque exerted by the
fluid on the particle surface as a particle undergoes motion relative to the fluid.
In Stokes flow, moments of the hydrodynamic surface traction are linearly cou-
pled to particle motion via the inverse of the hydrodynamic resistance matrix.
For the quiescent suspension considered here, this may be written using the
generalized force and velocity matrices as
FH = −RFU · U. (3.2)
Here, RFU is a generalized resistance matrix of the hydrodynamic couplings




The hydrodynamic resistance depends only on geometry, which for spherically
confined suspensions involves the configuration of the N particles in the spheri-
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cal cavity and their sizes relative to the cavity radius. In the spherically confined
domain,RFU must account for hydrodynamic interactions between the particles
themselves and between the particles and the cavity, and a method to account
for such interactions is developed in chapter 4.
The displacement of particles over time is obtained by integrating equation
3.1 over a time long compared to the particle inertial relaxation time (the over-
damped limit) but short compared to the time it takes for changes in structural
configurations to take place. This yields a displacement equation that gives the
change in particle positions ∆x that takes place during a time interval ∆t:
∆x(∆t) = (R−1FU · FP + kT∇ · R−1FU)∆t + X(∆t) + O(∆t). (3.4)
In equation 3.4, ∆x is the particle displacement during a time interval ∆t. The
three terms on the righ-hand side correspond to displacements arising from in-
terparticle forces, deterministic Brownian drift, and stochastic Brownian motion
with zero mean, and variance proportional to a configuration-dependent drag:
X = 0, X(t)X(t) = 2kTR−1FU∆t. (3.5)
In equation 3.5, the overbar denotes a noise average over times much longer
than individual solvent collisions and over times long compared to particle mo-
mentum relaxation; k is Boltzmann’s constant and T is the absolute temperature.
Hydrodynamic interactions that set the configuration-dependent resistance
tensor R must capture both many-body and lubrication hydrodynamic inter-
actions in spherically-confined colloidal suspensions. A method to account for
such interactions is put forth in chapter 4[6]. The approach makes use of an ex-
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pansion in moments of the hydrodynamic surface traction to develop a far-field
grand mobility matrix that accounts for the presence of the spherical cavity. Be-
cause the expansion is truncated at the level of the stresslet, the method requires
the inversion of an 11N × 11N matrix to capture an infinitude of reflections, as
done in the Stokesian dynamics framework [48]. Although traditional methods
for matrix inversion incur a computational cost that scales as O(N3), we avoid
such computationally expensive methods through the use of iterative solvers,
which reduce the computational cost of calculating the required particle dis-
placements to a more favorable O(N2) [9].
For modeling suspensions at equilibrium, further reduction in computa-
tional cost is achieved in chapter 5 by including the hydrodynamic force and
torque in the calculations while neglecting the many-body stresslet, which re-
duces the 11N × 11N matrix that must be inverted to 6N × 6N (the pair-level
stresslet is still included in the model). The accuracy of this simplification is
restricted to equilibrium calculations, where the stresslet induced by reflected
particle interactions produces disturbance flows that decay as 1/r4 (where r is
the distance to a point in the fluid), as compared to the 1/r and 1/r2 distur-
bance flows that form leading-order disturbances from hydrodynamic force and
torque. To demonstrate the validity of this approximation, results for the short-
time self-diffusivity for force/torque only to force/torque/stresslet computa-
tions are compared in Appendix B.6. Similar truncation methods have been
employed in the study of unbound suspensions, and have been shown to pro-
duce accurate results with reduced computational cost at equilibrium [48, 47].
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3.2 Short-time transport properties
A stochastic sampling technique permits rapid and efficient calculation of
the short-time self-diffusivity. Similar stochastic techniques have been used
to calculate the short-time self-diffusivity in unbound suspensions [147] and
suspensions confined inside a channel [157], and for calculating concentrated
pair mobility tensors [180, 152] in unbound suspensions. The short-time self-
diffusivity can be connected to the hydrodynamic mobility via the fluctuation-
dissipation theorem, which dictates that the short-time self-diffusivity tensor
must satisfy,
D0 = 〈MUF,αα〉, (3.6)
where the angle brackets denote an ensemble average over many particle
configurations, and the subscript αα denotes the self-mobility of the parti-
cle. In equation 3.6, the mobility has been normalized by the mobility of an
isolated particle 1/6piηa, and the diffusivity by the Stokes-Einstein coefficient
D0 = kT/(6piηa), where η is the viscosity of the solvent. The trace of equation
3.6 was previously measured for unbound suspensions via Accelerated Stoke-
sian dynamics by [147], a measurement that assumes diffusion to be isotropic a
priori. As will be shown, the ensemble-averaged mobility tensor in spherically
confined suspensions is position dependent and anisotropic. Here, we demon-
strate a method that captures both of these features.
To efficiently determine the short-time self-diffusivity, the stochastic tech-
niques of [147] and [180] are followed, where particles are assigned stochastic
forces with zero mean and identity covariance; particle velocities are then cal-
culated for a given configuration. The full mobility tensor for one realization
is then given by the outer product of the forces and velocities, and averaging
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Figure 3.2: Illustration of model system. Particles of radius a are located
at positions yi inside the cavity of radius R. Dashed lines illus-
trate one bin, a spherical annulus of thickness ∆y with nominal
radius yi.
over many configurations then yields the short-time self-diffusivity. To capture
the anisotropy of the mobility tensor, the outer product is projected onto an or-
thogonal basis corresponding to diffusion along and perpendicular to the cavity
radius. The orthogonal projection yields the radial and perpendicular compo-
nents of the short-time self-diffusivity, D||0 and D
⊥
0 respectively:
D||0 = 〈UαFα : yˆα yˆα〉, (3.7)
D⊥0 = 〈UαFα :
1
2
(I − yˆα yˆα)〉, (3.8)
where yˆα is a unit vector pointing from the cavity center to the center of the
particle. To capture the position dependence of the short-time self-diffusivity,
radial bins are constructed as annular shells of radius yn = (n − 1/2)∆y from the
center of the cavity. All particles a distance yn ± ∆y/2 are assigned to the nth bin.
Averages are computed within each bin, thus averaging the statistics of particles
within a bin and giving a radially dependent diffusion tensor. The total number
of bins ntot = 100 provides spatial resolution sufficient to observe structural and
dynamical variation in the suspension. The statistics at the center of the cavity
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are most challenging to capture, owing to small bin volume. An alternative is
to define bins of fixed volume, but this would smear out the radial dependence
of particle motion. To counteract the small-volume statistics, we opt to simply
conduct a large enough number of simulations to minimize statistical noise near
the center.
3.3 Concentrated pair mobility in spherically confined suspen-
sions
A stochastic technique similar to the one utilized to determine short-time
self diffusivity is utilized to determine the concentrated pair mobility in concen-
trated, spherically confined suspension. In contrast to short-time self diffusion
in the spherically confined domain, the concentrated pair mobility not only de-
pends on particle position, it also depends on inter-particle separation. Radial
and perpendicular motion between two particles in the confined domain can
also be coupled, requiring the consideration of five tensor components to fully
specify the translational velocity to force coupling.
As with short-time self diffusion, a stochastic technique is implemented
wherein particles are assigned stochastic forces with zero mean and identity
covariance and particle velocities are subsequently calculated for given parti-
cle configurations. An outer product between the corresponding velocities and
forces felt by the particles then yields the concentrated self and entrained mo-
bilites. To capture self and entrained motion, we must project the mobility along
the appropriate directions. We note that in spherical confinement, motion along
the line of centers may be coupled to a force perpendicular to the line of centers
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and vice-versa. The mobility tensor can thus be expressed as,
MUF,αβ = xA1αβ rˆrˆ + x
A2
αβ rˆrˆ
⊥ + xA3αβ rˆ
⊥ rˆ + xA4αβ rˆ
⊥ rˆ⊥ + xA5αβ I, (3.9)
where β and α denote the forced and entrained particle, respectively. The scalar
quantities xAαβ represent the coupling between force and velocity in different di-
rections, I is the isotropic unit tensor, and rˆ and rˆ⊥ are unit vectors pointing
along and perpendicular to the line of center between the particles, respectively.
Projection of equation 3.9 to the directions of interest demonstrates that each
scalar component satisfies the equations,
〈UαFβ : rˆrˆ〉 = xA1αβ + xA5αβ, (3.10)
〈UαFβ : rˆrˆ⊥〉 = xA2αβ, (3.11)
〈UαFβ : rˆ⊥ rˆ〉 = xA3αβ, (3.12)
〈UαFβ : rˆ⊥ rˆ⊥〉 = xA4αβ + xA5αβ, (3.13)
〈UαFβ : I〉 = xA1αβ + xA4αβ + 3xA5αβ. (3.14)
Equations 3.10-3.14 can then be solved to obtain each scalar coupling for the
concentrated pair mobility in the spherically confined domain. To capture the
position dependence of the concentrated pair mobility, particles are binned ac-
cording to their distance to the cavity center, as done with the short-time self
diffusivity. These bins will be referred to as y-bins. Dependence with respect to
particle center-to-center distance is accounted for by defining additional bins,
but now with respect to inter-particle distance r, and will be denoted as r-bins.
The r-bins are defined such that particles are placed in the nth bin if they are sep-
arated a distance rn ± ∆r/2. The parameter ∆r is the size of the bin, which is set
to ∆r = 0.1, and provides enough resolution to observed structural variations
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with respect to inter-particle distance. The concentrated pair mobility is calcu-
lated for particles located in the same y-bin, that is at equal distance to the cavity
center, in order to distinguish effects of distance to the cavity wall from those
of inter-particle separation. In chapter 6, particles located at 1/4, 1/2, 3/4, and
95/100 of their maximum radial position in the cavity ymax = (R − a)/R are con-
sidered. This allows for the study of confinement induced changes to particle




SIMULATION OF HYDRODYNAMICALLY INTERACTING PARTICLES
CONFINED BY A SPHERICAL CAVITY
In this chapter, a Stokesian dynamics like framework is developed to model
the behavior of concentrated, spherically confined colloidal suspensions while
accounting for many-body and lubrication hydrodynamic interactions. The
framework for many-body low-Reynolds number hydrodynamics is extended
to spherically confined suspensions, and results in the development of a new
set of hydrodynamic mobility functions that couple particle motion in the pres-
ence of the cavity wall. This is followed by a discussion of how the cavity wall
impacts particle entrainment in the confined domain.
4.1 Spherical confinement: theoretical framework
In this section we present the framework with which to model the motion
of hydrodynamically interacting particles confined inside a spherical boundary.
Careful consideration is given to the development of the far-field grand mobil-
ity matrix to accurately represent the many-body hydrodynamic interactions of
spherically confined particles, as well as the near-field and lubrication interac-
tions. As in §2.6 we consider N hard, spherical particles of size a in a fluid of
density ρ and viscosity η whose motion is governed by the Stokes equations,
owing to a vanishingly small Reynolds number. The fluid and particles are con-
fined to a finite domain: a hard, no-slip spherical cavity of radius R (figure 4.1).
Any far-field flow u∞ present can arise due only to external forces applied to the











Figure 4.1: Model system with an image point external to the cavity.
gives the fluid disturbance arising from tractions on the particle surfaces S α,
u′(x) = − ∫
S a
f (y) · G(x, y)dS y −
∫
S c
f (y) · G(x, y)dS y, (4.1)
where now the integral at infinity has become an integral over the cavity surface
S c. The second integral does not vanish, in contrast to equation 2.39, a conse-
quence of the finite domain size. Seeking a solution in this form requires the
surface traction over the surface of the cavity. To avoid this tedious calculation,
an image point is utilized to modify the Green’s function so as to satisfy the no-
slip and no-flux boundary conditions over the cavity surface. The image point
creates a perturbation that exactly satisfies the no-slip and no-flux boundary
conditions at the surface of the cavity:
G(x, y) = J(x, y) + Jc(x, y), (4.2)
where J(x, y) is the unbound Stokeslet and Jc(x, y) is a tensor that enforces the
no-slip and no-flux conditions that define the surface of the cavity. The tensor
Jc(x, y), due to Oseen, is given by the expression [134]
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Here, y′ = y/y2 is the position of the image point outside a spherical bound-
ary, and all lengths have been made dimensionless on the radius R of the cavity.
We note that the expression for Jc(x, y) differs from the corresponding expres-
sion in the study of an infinitesimal point of Felderhof and Sellier [49], owing
to a typographical error in that publication. As written, equation 4.3 appears to
diverge at the point y = 0, suggesting that even a weak disturbance at the center
of the cavity produces infinitely strong flows. Fortunately, this is a mathemat-
ically removable singularity. Straightforward algebraic manipulation removes
the singularity to show the Green’s function is entire. Similarly, although at first
glance some components of the mobility tensors (derived in Appendix A) ap-
pear to diverge for the values xˆ · yˆ = 1, xˆ · yˆ = −1, x = 0 and y = 0, the singularities
can be removed upon taking the appropriate limits at those values.
As in §2.6, the disturbance flow u′(x) given by (4.1) accounts for the motion







f (y) · [J(x, y) + Jc(x, y)] dS y. (4.5)
Now the integral over the cavity surface has been replaced by the no-slip and
no-flux condition satisfied by the Green’s function, i.e. J(x, y) + Jc(x, y) = 0 at
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y = R. A Taylor expansion of J(x, y) and Jc(x, y) for a given particle α about
its center y yields a sum of moments of the hydrodynamic surface tractions ex-
erted on particle α. Upon integration these again become the hydrodynamic
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(4.6)
where an irreducible second and third moment are included in J + Jc and Kc,
and the couplet Kc is given by
Kc(x, y) =∇y(J(x, y) + Jc(x, y))+
[
∇y(J(x, y) + Jc(x, y))
]T
. (4.7)
As in §2.6, insertion of (4.6) into the Faxe´n formulae yields a set of linear re-
lations between particle motion and hydrodynamic force, torque, stresslet, and
higher-order moments, all coupled by a grand mobility tensorM. The tensor is
truncated as discussed in §2.6 to the level of the stresslet (taking care to retain the
irreducible quadrupoles and octupole that capture finite particle size), to give a
far-field mobility matrix for the spherical domain,M f f , which upon inversion,
couples all particles to one another and to the cavity. Finally, to complete the
theoretical framework, near-field and lubrication interactions are accounted for
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in a pairwise fashion (cf §2.6), and the sum couples all near- and far-field many-
body particle-particle and particle-cavity interactions, expressed compactly as
R = (M f f )−1 + Rn f . (4.8)
For convenience, the near-field particle-particle and particle-cavity interaction
tensor Rn f is split into two contributions. Because near-field particle-particle
interactions can be accounted for pairwise, they are given by the unbound re-
sistance functions which we denote asRn f ,unbound; the near-field particle-cavity in-
teractions are given by the pairwise resistance tensor Rn f ,c. As discussed in §2.6,
the former are well-established and can be found in the literature [82, 93, 81].
For the latter, the sub-matrices that correspond to particle-cavity interactions
RFUn f ,c, RFΩ,n f ,c, RLU,n f ,c and RFΩ,n f ,c, were determined by O’Neill and Majumdar [131] for
couplings perpendicular to the line of center of the particle and the cavity, and
by Jones [85] for motions along the line of centers. When combined as shown in
equation 4.8, these couplings form a grand resistance matrix that accounts for
all many-body particle-particle and particle-cavity hydrodynamic interactions
over all separations and particle concentrations. This coupling depends only
on the geometry of the suspension, which now comprises particle and cavity
size and shape, as well as spatial arrangement of particles relative to one an-
other and to the confining spherical boundary. With it, particle motion can be
deduced from hydrodynamic force and torque without requiring knowledge of
the hydrodynamic traction over the cavity. Any motion of the enclosure can
be incorporated in a straightforward manner by introducing the corresponding
far-field flow u∞(x). The functions that represent the components of the far-field
grand mobility matrix are presented and evaluated next.
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4.2 Results
We begin by presenting the components of the far-field grand mobility ma-
trix developed in the present work. Its inverse is then combined with the near-
field grand resistance tensor as described in §4.1. Block-wise inversion of the
resulting many-body resistance tensor preserves all couplings and permits so-
lution and examination of the velocity/force, velocity/torque, rotation/force,
rotation/torque relationships. The translational motion of a single particle to
which an external force is applied, and the entrainment of a second, passive
particle in the flow of a forced particle, are then studied in §4.2.1 and §4.2.2
respectively. Higher-order couplings are then studied in §4.2.3. The effects of
point-particle approximations is discussed in §4.2.4.
4.2.1 Single particle inside a spherical cavity: force-to-
translation coupling
The simplest coupling of particle motion to hydrodynamic tractions is that
between velocity U and hydrodynamic force FH. For an isolated sphere alone in
a solvent, U = −MUF · FH, where MUF = (1/6piηa)I. If the particle is then placed
inside a solvent-filled cavity, one expects motion slower than its unbound Stokes
velocity, owing to hydrodynamic coupling to the no-slip surface of the cavity,
in some sense similar to coupling between an unbound pair. The correction to
unbound mobility that accounts for the presence of the cavity was derived in
the present study via the method described in §4.1. To reveal the strength of
hydrodynamic coupling along and transverse to the line of centers yˆ between
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a particle and the cavity, the tensor is projected onto the two corresponding
orthogonal subspaces yˆyˆ and I − yˆyˆ, respectively. Projection onto the subspace
yˆyˆ, yields
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The term proportional to a/R corresponds to the motion of an infinitesimal point
inside a spherical cavity and has been previously reported [49]. In this work,
we account for the finite size of particles, which requires the terms of order
(a/R)3 and (a/R)5 in equation 4.9 that arise from the irreducible components of
the second and third moments of the hydrodynamic surface traction. While
the computation is tedious, terms to this order are necessary to assure that the
grand mobility matrix is positive definite. As expected, in the limit a/R→ 0, the
unbound solution is recovered, giving the Stokes drag on a single hard particle.
A similar projection in the perpendicular direction gives
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Combined, (4.9) and (4.10) give the far-field velocity-force self-mobility of a
sphere within a suspension of an arbitrary number of particles, confined by
a hard spherical cavity. Analogous expressions for the remaining couplings
(force, torque, velocity, rotation, straining, stresslet) derived in the present study
are shown in Appendix A. As detailed in §4.1, all of the far-field couplings are
then assembled into a far-field grand-mobility matrix, inverted, superimposed
with the near-field grand resistance matrix, and solved block-wise. The resul-































































































Figure 4.2: Confined self-mobility plotted as a function of position in the
cavity, connecting a force acting (a) along and (b) transverse to
the particle/cavity line-of-centers to the velocity of the parti-
cle in the same direction. The scaling for the decrease in the
mobility is shown both when the particle is in the far-field ∼
(a/R)/(1− y2), and in the lubrication region, where the decrease
scales with the surface-to-surface separation ξ = 1 − a/R − yα
Open symbols: New mobility functions from the present study,
obtained via block-wise inversion of equation 2.54 after inser-
tion of equations A.1 (which includes equations 4.9, 4.10) to
A.3, into (4.8). Solid lines: bispherical series solution [85].
tween a finite-size particle and an arbitrary number N − 1 other particles and
with the enclosing cavity. Its elements MUFf f ,αα, MΩLf f ,αα, MULf f ,αα, MΩFf f ,αα, MESf f ,αα,
MΩSf f ,αα, andMUSf f ,αα give the corresponding self-motion of a particle subjected to
hydrodynamic force, torque, and stresslet as it is hindered by interactions with
other particles and with the enclosing cavity (all far-field self-mobilities UF, ΩL,
UL, ES , ΩS , and US derived in the present study can be found in Appendix
A.1).
We begin with the simplest case: a single particle suspended in pure sol-
vent enclosed by the cavity (N = 1). We focus first on the coupling between
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Figure 4.3: Drift velocity along the particle/cavity line-of-centers (a) as a
function of position in the cavity, (b) as a function of particle-
to-cavity size ratio, a/R.
to the line of centers, MUF,‖αα and MUF,⊥αα , are plotted in figures 4.2(a) and 4.2(b),
respectively, as a function of the position of the particle relative to the cavity
center. The mobility is made dimensionless by the lone single-particle mobility,
1/6piηa, and particle position is scaled on the cavity size, R. Two sets of curves
are shown in each plot alongside the hydrodynamic mobility of a particle in
an unbound domain (solid horizontal line). The open symbols give the results
obtained via the present approach (valid for an arbitrary number of confined
particles). The solid and dashed curves correspond to results obtained from the
method of Jones (which cannot be generalized beyond a single confined parti-
cle) [2009]. Agreement between the prior theory and our new theory is excellent,
for all particle-to-cavity size ratios a/R and particle positions y/R studied, val-
idating the present framework by recovering previously published results for
a single confined particle. However, unlike prior models, our framework can
model the motion of an arbitrary number of particles.
Comparison of the curves to the isotropic, unbound mobility reveals that
3D confinement gives rise to anisotropic hindrance of partible mobility. The
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confined-mobility curves all lie under the unbound mobility line, showing that
hydrodynamic coupling between the two no-slip surfaces hinders particle mo-
tion. Further, in contrast to the position-independent mobility for a particle in
an unbound domain, the mobility of a confined particle depends on its prox-
imity to the cavity wall. Unsurprisingly, the mobility of a particle of finite size
is greater near the center of a cavity than near the cavity surface, owing to the
changing proximity of their no-slip surfaces. The mobility decreases monotoni-
cally from its maximum at the center as it approaches the cavity surface, vanish-
ing entirely at particle-wall contact. Finally, comparison of figure 4.2(a) to panel
4.2(b) reveals that near the cavity wall, the mobility is anisotropic—with trans-
verse motion decaying less rapidly than motion toward or away from the wall.
This is consistent with near-contact mobility between a pair of spheres, where
transverse lubrication interactions are weaker than longitudinal encounters.
While for all size ratios a/R the reduction in mobility becomes steeper as
the particle approaches the wall, the rate of this decay depends qualitatively on
particle-to-cavity size ratio. Because the size ratio affects the slope, it changes
the divergence of the mobility∇·M. The physical relevance of the divergence of
the mobility is best understood in the context of colloidal particles where, owing
to Brownian motion, a particle will migrate from regions of low to high mobil-
ity, moving as though driven by a deterministic force, the Brownian drift. The
quantity ∇ ·M sets the corresponding drift velocity, and gives the tendency of
the particle to migrate toward the region of highest mobility. Because mobility
is highest at the cavity center, projection of the drift velocity along the cavity ra-
dius gives the strength of the tendency of the particle to drift away from the wall
and toward the center. The projection of ∇ ·M onto a unit vector −yˆ pointing
toward the center of the cavity is plotted in figure 4.3(a) as a function of the dis-
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tance between the particle and the center of the cavity. Four curves are shown,
each curve corresponding to a different particle-to-cavity size ratio. Near the
wall (far right end of the horizontal axis) the drift velocity is large, indicating a
strong tendency to migrate away from the wall. Near the center, the drift ve-
locity is three orders of magnitude weaker, indicating the tendency of a lone
particle to remain there. This position-dependent behavior, where the particle
tends to drift away from the wall and remain near the center, is observed for all
size ratios studied.
Alternatively, one can ask how the strength of the “push” away from the
wall changes as a particle grows larger, by inspecting how the radial drift veloc-
ity changes with size ratio a/R, as shown in figure 4.3(b). The diamond symbols
show behavior nearest the center of the cavity, the filled circles show behavior
nearest the wall, with several other intervening positions shown as noted in the
legend. The diamond symbols show that a particle at the center has zero drift
velocity regardless of particle size, demonstrating that the preferred position of
an isolated particle in a spherically confined domain is always at the center of
the cavity. As the particle moves away from the center (star, pentagon, triangle,
and square symbols), the drift velocity increases—for all particle sizes—tending
to push a particle back toward the center. The strength of this push at a given
position increases as the confined particle grows larger, as indicated by the posi-
tive slopes, owing to the growing distance of the particle to the region of highest
mobility, i.e. the center of the cavity. However, this trend reverses very near the
wall (filled circles): the strength of the push decreases as the particle grows
larger, as evidenced by the negative slope. This behavior can be understood by
recalling that the closest a particle can come to contacting the cavity wall is the
position ymax = 1−a/R, its “maximum position”. A large particle at its maximum
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position is thus closer to the region of highest mobility, i.e. the center of the cav-
ity, than a small particle at its maximum position. Because a small particle can
be farther from the center of the cavity than a large particle, its maximum drift
velocity is higher.
4.2.2 Hydrodynamically interacting pair: force-to-translation
coupling
In the previous section, we presented the expression derived in this study for
the self-mobilityMUFαα of a spherically confined particle in a suspension of arbi-
trary concentration, in response to a hydrodynamic force on its own surface,
equations 4.9 and 4.10. The simplest case of a single confined particle was stud-
ied first, toward understanding the influence exerted on particle mobility by the
cavity. Motion of such a particle entrains the fluid in the cavity and, in turn, any
nearby particles will be entrained by this flow. This coupling was captured by
the many-body entrainment mobilityMβα as discussed in §4.1, to yield the full
coupling and the motion of an arbitrary number of forced and entrained parti-
cles, as it is influenced by the cavity. Whether two, three, or many particles are
enclosed in the cavity, forced or passive, their motion is given by precisely the
same expressions and process. We illustrate this process here, utilizing the new
many-body coupling derived in the present study and, from it, present novel
results for the motion of a pair of spherically confined particles.
The entrained mobility,MUFβα , β , α, is the hydrodynamic coupling that de-
scribes the entrainment of particle(s) β in the flow field produced by the motion
of particle(s) α. Each particle interacts with the other and with the cavity via dis-
turbance flows propagated by their motion. The initial disturbance propagated
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y = 0.2 y = 0.4 y = 0.6y = 0.0
Figure 4.4: Hydrodynamic entrainment of a passive finite-size particle
dragged by the disturbance flow of a forced particle. The dis-
tance y of the forced particle to the center of the cavity is given
below each plot; the particle-to-cavity size ratio for all of the
plots is a/R = 0.1. Brighter colored regions (red) represent en-
trainment in the positive direction and dark colored regions
entrainment in the opposite direction. (a) Radial entrainment
on a second particle due to a radial force on the forced parti-
cle; (b) perpendicular entrainment of a second particle due to a
perpendicular force on another forced particle in the cavity.
by particle α is, as described in §2.6, given by the Stokeslet J plus a correction
due to the hindrance of the cavity, Jc, defined in equations 4.3 and 4.4. Thus,
the strength of the entrainment of particle β is weaker than if the domain was
unbound. Here, α, β ∈ [1,N], where N is arbitrary.
The grand mobility tensor for a confined system must ultimately recover the
unbound behavior in the limit a/R → 0. We leverage this fact to more clearly






+ MUF,cβα , (4.11)
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The cavity contribution, MUF,cβα , as obtained in the present study via our method,





− 3((6 − 2y2 + 4bxy(−5 + y2) + (1 + b2)x4y2(−1 + 3y2)−
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7x2)y2 + (−7 − 2x2 + x4)y4 + 3x2y6) + 2b3x2y2(−14 + 3y2 − 3x4y2 + x2(7 − 2y2
+ y4)) − xy3(2 + x8y4 + 2x2(−12 + 7y2) + x6y2(5 − 2y2 + y4) + x4(14 − 6y2+
3y4)) − b2xy(−14 + 5y2 + 17x6y4 + x2(9 − 12y2 + 14y4) + x4y2(14 − 38y2+
21y4)) + b(−2 + y2 + 7x8y6 + x6y4(33 − 14y2 + 7y4) + x2(1 − 14y2 + 15y4)+
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x6y6 − 3b2x2y2(21 − 46x2y2 + x4y4) + 4bxy(5 − 36x2y2 + 9x4y4) + b3(72x3y3
− 48x5y5))/(8y9ζ9) + (24b3x4y4 + b2(3xy − 42x3y3 − 17x5y5) − xy(10 − 7x2y2
+ 4x4y4 + x6y6) + b(1 + 21x2y2 + 11x4y4 + 7x6y6))/(8(−1 + b2)xy8ζ7)+




where b = xˆ · yˆ and the distance of the entrained particle to the image point of
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the forced particle is ζ = y−1
√
1 − 2bxy + y2. Higher-order moments of the hydro-
dynamic surface traction also give rise to cavity contributions corresponding to
both self-mobility and pair-mobility, which describes many-body entrainment
of particles by disturbance flows.
Equations 4.9 – 4.13 give only force-velocity couplings; the far-field grand
mobility matrix must be populated with higher-order pair-level couplings to the
level of the stresslet. Higher-order couplings for the confined self and entrained
motion are provided in Appendix §A.2 up to the level of the stresslet. Following
its construction, inversion of this far-field grand mobility matrix automatically
captures an infinitude of reflected interactions between all particles and the cav-
ity, giving an N-body far-field hydrodynamic coupling. That is, coupling between
an arbitrary number of particles to one another and the cavity is automatically captured
by this Stokesian dynamics approach.
To elucidate the effect of confinement on entrainment, we consider first the
simplest case, N = 2 enclosed particles. A second particle β is inserted into the
cavity, and we ask how it moves in response to a force exerted on particle α.
In figure 4.4 a contour plot illustrating the complete analytical coupling—that
is, including near-field and far-field interactions—is presented for the induced
motion along and transverse to the line of external force, in panels (a) and (b)
respectively. Here, the force F exerted on the source particle is directed along
the radius of the cavity. Each contour plot shows the plane passing through the
center of the spherical cavity; the forced particle is at the center of the filled black
circle, which encloses a region excluding particle centers. In panel 4.4(a), the
colorized regions represent the strength and direction of entrainment, ranging
from dark red for strong entrainment in the same direction as the external force,
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Figure 4.5: Contour plots of the hydrodynamic entrainment of a sec-
ond particle inside the spherical cavity due to the disturbance
flow propagated by another forced particle. The distance y of
the forced particle to the center of the cavity is given below
each plot; the particle-to-cavity size ratio for all of the plots is
a/R = 0.1. Brighter colored regions (red) represent entrainment
in the positive direction and dark colored regions entrainment
in the opposite direction. (a) Perpendicular entrainment due to
a radial force acting on a forced particle; (b) radial entrainment
due to a perpendicular force on a forced particle.
to dark blue for strong entrainment in the direction anti-parallel to the external
force. As can be seen in panel 4.4(a), the entrainment field is axisymmetric about
the external force, regardless of the position of the forced particle. In the y = 0
contour plot, the forced particle is placed at the center of the cavity. As indicated
by the dark red, orange and yellow regions ahead of and trailing the forced
particle, a second particle placed in those regions will be pushed or pulled along
by the motion of the forced particle. The regions flanking the line of forcing are
initially dark red, close to the forced particle—but rapidly transition to dark
blue. That is, a second particle closely flanking the forced particle will travel
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along with it, but a short (transverse) distance away, an entrained particle will
travel in the opposite direction. This trend continues when the forced particle
is placed closer to the spherical cavity, i.e. for y = 0.2, y = 0.4, and y = 0.6 as
shown in figure 4.4(a). Here it can be seen that entrainment is strongest in the
region nearest the forced particle. As y→ 0.9, the region farthest from the forced
particle (green region) is only weakly disturbed; particles in this region hardly
move in response to the forced particle. The region closest to the cavity wall is
green, regardless of the position of the forced particle, owing to the no-slip and
no-flux condition of the cavity surface.
The entrained particle will also undergo motion transverse to the applied
radial force, as illustrated in panel 4.4(b). As in panel 4.4(a), the strength of
entrainment varies from dark red to dark blue, but here, dark red corresponds
to strong entrainment in the positive y direction, and dark blue to strong en-
trainment in the negative y direction, as noted by the axes in each image. Thus,
particles placed in the red region “ahead” of the forced particle (upper right-
hand red region) will move orthogonal to the applied force and away from its
line of action; those placed in the red region “trailing” the forced particle (lower
left-hand red region) will move orthogonally toward the line of action of the
force, i.e. in the positive y direction. Blue regions indicate entrainment mirrored
across the x-axis.
The line of action of the applied force may also act transverse to the cavity
radius (i.e. transverse to the line of centers between the cavity and the forced
particle). The response of an entrained particle is shown in figure 4.5. The col-
orized regions in panel 4.5(a) again represent the strength and direction of en-
trainment, ranging from dark red for strong entrainment in the same direction
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as the external force (positive direction along the y-axis), to dark blue for strong
entrainment in the direction opposite the external force. The entrainment field
in panel 4.5(a) is axisymmetric only when the forced particle is precisely at the
center of the spherical cavity. As the particle moves away from the center, this
symmetry is lost. The dark red, orange and yellow regions indicate that the
motion of the forced particle will push or pull a second particle particle in the
same direction. The region flanking the line of forcing is red close to the forced
particle; however, it quickly transitions to dark blue. The size and location of
the dark blue regions flanking the forced particle, i.e., regions where a second
particle will be entrained in the opposite direction, vary with the position of
the forced particle. For y = 0.2, blue regions also flank the line of action of the
applied force, but the region of reverse entrainment to the right of the external
force shrinks while that to the left grows. This trend continues as the forced
particle moves nearer to the wall, as shown for y = 0.4 and y = 0.6. One can
envision that, as the forced particle moves toward the wall, both parallel and
transverse motion of an entrained particle vanish.
The entrained particle will also undergo motion transverse to the line of ac-
tion of the force, as illustrated in 4.5(b). Again the strength of entrainment varies
from dark red to dark blue; here, dark red corresponds to entrainment in the
positive x direction and dark blue corresponds to entrainment in the negative
x direction. In consequence, particles placed in the red region “ahead” of the
forced particle (i.e. the upper right-hand red region) will move orthogonally
to the applied force and away from its line of action; those placed in the red
region “trailing” the forced particle (lower left-hand red region) will move or-
thogonally toward the line of action of the force, in the positive y direction. As
in 4.4(b), blue regions indicate entrainment mirrored across the x-axis.
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In summary, the hydrodynamic coupling between a pair of particles inter-
acting inside a spherical cavity shows qualitative differences from that between
an unbound pair. The coupling can be resolved into contributions of entrain-
ment in response to radial and transverse components of an externally applied
force. The most intuitively obvious difference is that apparent flow recircula-
tion (conservation of mass) creates regions in which motion of a forced particle
drives motion of a second particle in the opposite direction when the force on
the forced particle acts along the line of the center of the particle and the cavity.
In addition, regardless of the direction of the external force, entrainment is re-
duced owing to the presence of no-slip surface of the cavity. We emphasize that
the model presented is not restricted to a confined pair; our framework is fully
applicable to an arbitrary number of particles at arbitrary volume fractions and
particle-to-cavity size ratio.
4.2.3 Higher-order couplings
In §4.2.1 and §4.2.2, it was shown that the presence of a confining spheri-
cal cavity influences the hydrodynamic coupling between interacting spheres.
This influence alters couplings between particle velocity, rotation, and strain-
ing motion to moments of the hydrodynamic traction—force, torque, stresslet,
and higher-order moments. This infinite hierarchy of couplings is summarized
compactly in equation 2.50; expressions for the individual entries in the grand
mobility matrix were given in that section and in Appendix A, and the cou-
pling between particle translation and hydrodynamic force was studied. In the
present section, we explore another coupling, that between particle translation
and hydrodynamic torque. We recall that a hydrodynamic torque on the sur-
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face of a single unbound particle produces no translation. However, proximity
to a nearby surface can produce such coupling. For example, in the presence
of a nearby wall, a particle subjected to a hydrodynamic torque about an axis
parallel to the wall will translate along the wall. Similarly, for an unbound pair,
a torque about an axis perpendicular to their line of centers will produce trans-
lation, but torque about their line of centers produces no translation. Let us
examine the analogous couplings for particles confined inside a sphere.
Single particle inside a spherical cavity: torque to translational motion cou-
pling
The element of the grand mobility matrix M that describes torque-to-
translational self-mobility of a particle in a spherically confined suspension,
MULαα , was derived in the present study utilizing the methods of §4.1, where the
far-field contribution is given by equation A.2a (cf Appendix A). This expression


















































Figure 4.6: Torque to translation coupling for a single particle inside a
spherical cavity.
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surface, in the presence of an arbitrary number of other particles and the con-
fining cavity. While it is a tensor, only the antisymmetric component  · yˆ, where
 is the Levi-Civita tensor, is non zero. This element,MUL,⊥αα =MULαα : −12 · yˆ with
the first index of MUL,⊥αα an inner product with the second index of  and vice
versa, gives the translational motion of a particle α, along the cavity radius, due
to a torque on its own surface, as influenced by other suspended particles β and
the confining cavity.
To understand this coupling we study the simplest case of a single confined
particle, N = 1, plotted in figure 4.6 as a function of the distance of the par-
ticle from the center of the cavity, for a range of particle-to-cavity size ratios
a/R (open symbols). The solid curves give the corresponding self-mobilities ob-
tained via the method of O’Neill and Majumdar [131], but which is limited to a
single particle. Agreement between our N-body approach and the prior single-
particle model is excellent.
Inspection of these plots reveals the effect of spherical confinement on the
ability of a particle to translate in response to a torque. Due to the spherical
symmetry of the configuration, when the particle is at the center, the torque-to-
translation coupling is zero, so a particle will undergo no translational motion in
response to torque. As the particle moves away from the center, it couples to the
cavity, translating with a velocity Uα =MULαα · Lα, in a direction perpendicular to
both the torque and the line of centers between the particle and the cavity. With
increasing proximity to the cavity surface, the particle translates faster, owing
to stronger hydrodynamic coupling between the particle and the wall. This
behavior is similar to the hydrodynamic coupling between a pair of unbound
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Figure 4.7: (a) Model system: two particles at a distance d from each other
and at a height h from the center plane of the cavity are acted
on by an external torque L. (b) Simulation snapshot: Equal
and opposite torques act on a pair of particles along their lines
of centers, causing the particles to rotate as a doublet about an
axis centered at the cavity. (c) The rate of rotation of the doublet
as a function of the particles’ height from the center plane of the
cavity.
line of centers: outside the lubrication region, entrainment of the second particle
will increase monotonically with increasing proximity. However, for a particle
inside a spherical cavity, the translation of the particle reaches a maximum as it
approaches the cavity surface. Beyond this point the translation of the particle
reaches a “stall” condition near the wall, where translation ceases even with
applied torque (points of intersection with the horizontal dashed line). Beyond
this stall point, the direction of translation reverses and the particle translates in
the opposite direction—undergoing a “rolling” motion over the surface of the
cavity similar to the motion of a particle acted on by a torque near a planar wall.
As the particle comes close to contact with the cavity surface its mobility must
decrease again, eventually vanishing at the maximum position of the particle
as a consequence of lubrication interactions between the no-slip surfaces. The
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N−body far-field expressions (found in Appendix A.1) utilized here for N = 1
are just as easily utilized to describe the self-motion in the presence of many
enclosed particles.
Hydrodynamically interacting pair inside the spherical cavity: doublet rota-
tion
We again consider the effect of confinement on entrained translational mo-
tion, but now where such motion arises due to hydrodynamic torque, rather
than hydrodynamic force. To study the motion, we implemented new hydrody-
namic functions developed in the present study into Stokesian Dynamics: the
mobility tensors coupling translation to force, MUFβα , translation to torque, M
UL
βα ,
and rotation to torque, MΩLβα (cf equations A.1a - A.3a and A.7a - A.9a, in Ap-
pendix A.2). To illustrate the effect of the cavity on such motions, we again start
with the simplest case of a pair of particles. They are placed in the cavity at a
separation d = 0.5R, d = 0.7R, and d = 0.9R, with each particle equidistant from
an axis passing through the center of the cavity, figure 4.7(a). When an external
torque is applied to each particle along the line of centers of the particles, and
pointing in an outward direction as shown, both particles translate. In addi-
tion, they rotate together as a doublet as indicated in figure 4.7(b). No force is
required to maintain a fixed separation between the pair, a consequence of the
symmetry of the grand mobility matrix.
Their rate of rotation varies with the distance of the doublet from the cen-
ter plane of the cavity, h/R, as plotted in figure 4.7(c). Three curves are shown,
each corresponding to a doublet of particles at different inter-particle distances.
At the far left of the horizontal axis, where the pair is nearest the cavity center,
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the particles do not revolve about the cavity center, regardless of their center-
to-center separation. Away from the center plane of the cavity, the torque-to-
translation coupling emerges, and they rotate as a doublet. Interestingly, the di-
rection of doublet rotation depends on proximity to the cavity wall. As shown
in figure 4.7(c), away from the wall, the doublet rotates in a clockwise sense
(white arrows in figure 4.7(b)), revolving faster and faster around the cavity
center for positions nearer the wall. However, a maximum is reached—and it
depends on their separation. Beyond this point, their revolution about the cav-
ity center slows down, until a “stall” condition is reached very near the wall
where the rate of rotation becomes zero, as indicated by the horizontal dashed
line in figure 4.7(c). Beyond this stall point, their revolution about the cavity
center reverses, and the doublet commences to rotate in the counter clockwise
direction—both particles undergo a “rolling” motion over the surface of the cav-
ity. This motion is analogous to the “rolling” motion of a single particle inside
the spherical cavity described in the previous section. This interesting result
highlights how the presence of the cavity can reverse rotational motion. No-
tably, this behavior is captured in the far-field interactions by the finite size of
the particle, which was neglected in prior models.
In summary, The presence of a confining cavity couples particle translation
to torque. Depending on the position of the particles, such coupling leads to a
surprising reversal of motion—behavior, it turns out, similar to that observed
in some biophysical systems [116]. The presence of the cavity also leads to re-
versals of translational motion (as shown in the previous section). Accurate
modeling of such behaviors requires a treatment of both far-field and near-field
hydrodynamic interactions as done in this study. The N−body expressions far-
field expressions (found in Appendix A) can be utilized to study such entrain-
72
ment in a suspension of arbitrary concentration.
4.2.4 The point-particle approximation and effects of finite size
In the present study, we have been careful to account for the finite parti-
cle size, but it is natural to ask what, if any, consequences would arise were
we to simply model particles as infinitesimal points. In some problems, such
simplifications can yield rapid insight into leading-order behavior, revealing
the physics of primary interest. By way of example, the leading-order (point-
particle) solution for a particle translating in (unbound) Stokes flow reveals the
surprising strength of the hydrodynamic force coupling, 1/r, compared to say,
the gravitational or coulombic coupling, which both scale as 1/r2. However,
the no-flux condition for hard particles can be respected only by accounting for
finite size—a straightforward computation for spheres. When two particles in-
teract in an unbound fluid, neglecting finite size gives a good leading-order esti-
mate of the strength of force-velocity coupling, but under-predicts the strength
of entrainment when the particles are separated by less than several particle di-
ameters. The consequences grow more severe when the system becomes more
geometrically complex. Perhaps the most familiar example resulted in the de-
velopment of the Rotne-Prager tensor: early attempts to model the motion of
polymer chains as interconnected point-particle beads led to loss of positive
definiteness of the diffusion (mobility) tensor in some configurations [46, 181].
Rotne and Prager [143] addressed this situation by accounting for finite particle
size in the force/translation coupling; the Rotne-Prager tensor has since been
widely utilized to model hydrodynamic couplings between particles in an un-
bound suspension. However, its inclusion of pair-only coupling, and neglect of
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higher-order traction moments, restricts its validity to widely-separated parti-
cles, e.g. dilute suspensions. In studies of concentrated suspensions, Durlofsky
et al. [48] reported that neglect of finite size terms, even in a mobility matrix
that includes force, torque, and stresslet couplings to account for many-body
interactions, results in loss of positive-definiteness for an unbound suspension.
Thus, especially for concentrated suspensions, inclusion of higher-order trac-
tion moments does not guarantee that the grand mobility matrix will remain
positive definite, required to respect the energy dissipation theorem.
In the context of a spherically confined suspension, accounting for finite par-
ticle size becomes important at the level of just a single confined particle, and
emerges first with the force-velocity coupling. This can be seen in the study of
Felderhof and Sellier [49] who, in an attempt to approximate the force/velocity
coupling via a point particle, projected Oseen’s Green’s function along and
transverse to the cavity radius. They compared this result to the correspond-
ing components of the invert of O’Neill and Majumdar’s finite-size resistance
tensor, and found good agreement for small particles in the latter study. How-
ever, closer interrogation of their results reveals two concerns: first, as particle
size grows, the point-particle approximation severely under-predicts the hydro-
dynamic force. More troubling is the behavior obtained upon inversion of the
point-particle coupling, shown by the dashed lines in figure 4.8(a), where the se-
vere consequences of the approximation are clearly revealed: the force-velocity
element of the resistance tensor diverges at arbitrary positions in the cavity. Be-
cause inversion is the key step that couples reflections and many-body interac-
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Figure 4.8: Self-mobility, as developed in the present study, of a particle
modeled with finite size (solid curves) and as a point particle
(dashed curves) Force/velocity coupling (a) along (equation
4.9) and (b) transverse (equation 4.10) to the cavity radius. (c)
Torque/velocity coupling (equation A.2).
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In the present study, we accounted for finite size (cf §4.1, equation 4.9), and
these results are presented as solid curves in figure 4.8(a), showing monotonic
increase of far-field resistance to a finite value, a physically reasonable result.
We can utilize our result, equation 4.9, to identify the source of the divergent
behavior in the point-particle approximation: a pole at y = (1/2)(4 − 9(a/R))1/2
that can only be removed by inclusion of the finite-size terms of O((a/R)3) and
O((a/R)5) in that expression. The transverse projection of the same coupling is
shown in panel (b) of the figure, where the effect of finite size is quantitative.
The second consequence of neglecting finite size is failure to predict reversal
of particle motion in the torque/translation coupling, originally predicted by
O’Neill and Majumdar [131]. Felderhof and Sellier derived a Green’s function
for the torque-rotation coupling of an enclosed point particle by taking the curl
of Oseen’s confined Stokeslet, finding a continuous increase in particle velocity
with approach to the wall, as shown by the dashed lines in figure 4.8(c). They
compared their result with the corresponding result from O’Neill and Majum-
dar, finding significant qualitative disagreement: O’Neill and Majumdar pre-
dicted a sign reversal, whereby a particle will reverse its translational motion
near the wall and begin to roll along the wall. The mobility functions derived
in the present work (equation A.2) account for finite size and also find this re-
versal, as shown by the solid lines in panel (c) of the figure. The key advantage
to our method is, of course, its built-in ability to model two, three, or many
enclosed particles.
In summary, accounting for finite particle size is essential to the accurate
modeling of particle motion in a spherically confined fluid. While approximat-
ing particles as points significantly simplifies formulation of the mathematical
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model, it leads to qualitative errors so significant as to render the model unvi-
able.
4.3 Conclusions
In this work, we have presented a framework to model particle motion in hy-
drodynamically interacting colloidal suspensions subjected to 3D confinement
by a spherical cavity. This framework comprises analytical expressions for the
far-field grand mobility tensor coupling particles hydrodynamically to one an-
other and to the confining cavity which, when combined with near-field cou-
plings, is valid for an arbitrary number of particles for a wide range of particle
volume fractions, from dilute to near-maximum packing fraction. We presented
couplings of translation, rotation, and straining motion to force, torque, and the
stresslet, giving particular attention to the force/translation, torque/rotation,
and torque translation behavior. We employed this new framework to study
two fundamental aspects of particle movement: self-motion and entrained mo-
tion, with a view toward its ultimate employment for many-particle systems in
dynamic simulation.
The self-motion was studied first, and utilized to illustrate the leading-order
effects of confinement and to validate the model by recovering results reported
in prior work [131, 85], namely the reduction of particle velocity by hydrody-
namic coupling to the enclosing cavity. Beyond this result, we found that con-
finement gives rise to a drift velocity that tends to push a colloid away from
the cavity wall toward the center. This “push” is strongest near the wall for
smaller particles; once away from the wall however, larger particles experience
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a stronger tendency to seek the cavity center. One implication of this finding is
that particles in biophysical systems may segregate spatially according to size.
We have derived the first results for the motion of a pair of finite-size par-
ticles enclosed in a spherical cavity. We found that the entrainment velocity of
a second, particle in the flow created by another forced particle is qualitatively
changed by the presence of the cavity in two ways: first, the strength of the en-
trainment at a distance r from the forced particle depends on the proximity of
both to the cavity. Second, a reversal in motion occurs for particles located some
distance transverse to the line of external forcing, consistent with recirculation
flows reported in a range of cellular systems [129, 55, 116, 29].
The study of higher-order couplings revealed several remarkable results.
First, unlike a single unbound particle, a single confined particle will translate
in response to a hydrodynamic torque on its surface. We find that such motion
reverses in direction as a particle moves from the cavity center to the wall, re-
sulting in a rolling motion of the particle along the cavity surface, similar to the
behavior of a sphere near a planar wall. A confined pair of particles subjected
to hydrodynamic torque will not only rotate individually but will also rotate as
a doublet about the cavity axis. We explored the dependence of this coupling
on proximity of the pair to the cavity wall, again finding a stall and reversal of
motion as the pair approaches the surface.
Finally, the effect of finite size was explored, where we found that no regime
of validity exists for approximating particles in spherical confinement as point
particles. Such simplification results in errors ranging from spurious poles
throughout the cavity domain to a failure to predict motion reversal near the
cavity wall.
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All functions derived give motion of particles in a suspension of N particles,
where N is arbitrary. The framework presented herein provides a method by
which to study a variety of crowded, 3D confined systems, ranging from eu-
karyotic cells to suspensions confined by micro-capsules, to study their trans-
port and rheological properties in the presence of hydrodynamic interactions.
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CHAPTER 5
EQUILIBRIUM STRUCTURE AND DIFFUSION IN CONCENTRATED
SUSPENSIONS CONFINED BY A SPHERICAL CAVITY
In this chapter, we model spherically confined suspensions of volume frac-
tion 0.05 ≤ φ ≤ 0.40 using the method of Aponte-Rivera and Zia developed in
the last chapter, where the presence of the boundary is accounted for through
the use of appropriate hydrodynamic mobility functions [6]. The method en-
sures that the correct boundary conditions are satisfied at the surface of the
cavity, and also accounts for many-body and lubrication hydrodynamic inter-
actions between the particles themselves and between the particles and the cav-
ity. We determine both the short-time and long-time transport behavior of the
confined suspension, for a range of particle-to-cavity size ratios and volume
fractions from concentrated to dilute.
5.1 Results
While self-diffusion in an unbound suspension is independent of structure
and position, any confinement leads to spatial variations in structure and to
changes in the length scale over which ordered structure appears [148, 57, 128],
which in turn influence particle motion and diffusion. We begin with structural
results that reveal confinement-induced ordering. Followed by our measure-
ments of the short-time self-diffusivity in the spherically confined domain, and
the impacts of structural heterogeneity on this quantity. The long-time transport
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Figure 5.1: Cavity-centered radial distribution function g of particles in-
side a spherical cavity for volume fractions 0.05 ≤ φ ≤ 0.40,
with particle-to-cavity relative size λc = 0.05. The cavity-
centered radial distribution function is plotted as a function of
normalized radial position y/R in plots with (a) a single axis
and (b) multiple axes (one for each volume fraction).
5.1.1 Equilibrium structure in spherically confined suspen-
sions
In any dispersion, individual particle dynamics are intrinsically connected
to entropic and hydrodynamic interactions with the surrounding suspension.
In a quiescent unbound dispersion, any particle can sample any position in the
suspension, giving spatially homogeneous particle concentration over length
scales longer than a particle size. One measure of such structure in unbound
suspensions is the radial distribution function g(r, φ). in the dilute limit, g(r, φ 
1)→ 1 for all r. At finite concentration, familiar nearest-neighbor peaks appear,
strongest at contact and decaying to unity as r → ∞. The Percus-Yevick closure
provides a convenient approach for plotting this behavior [136]. However, the
presence of an impenetrable boundary restricts accessible structural configura-
tions; here, we investigate the extent to which such entropic restriction leads to
spatial heterogeneities in particle concentration that ultimately affect relaxation
length and time scales.
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The spatial dependence can be quantified by defining a cavity-centered ra-
dial distribution function, giving a measure of the likelihood of finding a parti-
cle at a given position inside the cavity; it can be interpreted as a measure of the
local density at that position. In the context of dynamic simulations, it describes
the probability of finding the center of a particle in a thin annular shell, a “bin”,
within the cavity. This discretization is sketched in figure 3.2, and illustrates the









where Ni is the number of particles in bin i, N = φ/λ3c is the total number of
confined particles, Vi is the volume of bin i, and the angle brackets denote an
ensemble average over many configurations within a bin. As described in §3.2,
the cavity was discretized into i = 100 annular-shell bins. The bin volume Vi
changes with cavity size, λc, so that the discretization is the same for all λc. The
cavity-centered radial distribution function g(yi) is defined over the total volume
VT accessible to particle centers. In consequence, the total volume is that con-
tained by a sphere whose radius is equal to the maximum position of the particle
inside the spherical cavity ymax = (R − a)/R. Normalizing the cavity-centered ra-
dial distribution function by N/VT ensures that g(yi) approaches unity only when
the local volume fraction is equal to the bulk volume fraction, i.e. φ = Nλ3c . De-
viations from unity thus correspond to depletion and accumulation of particles,
and permit analysis of the degree to which concentration or the cavity induces
order. When confined in a cavity, one expects the particles to crowd each other
near the center, and to be crowded by the wall far from the center. To understand
how these local environments influence structure, we plot g(y) as a function of















































Figure 5.2: Cavity-centered radial distribution function of particles inside
a spherical cavity (symbols) with particle-to-cavity relative size
λc = 0.05 for 0.05 ≤ φ ≤ 0.40. Also shown: pair distribution
function for unbound suspension (solid curves), for the same
volume fractions. All are plotted as a function of separation
between hard-sphere surfaces, i.e. particle-cavity and particle-
particle surface separation for confined an unbound suspen-
sions, respectively. The pair distribution function for unbound
suspension is obtained from the Percus-Yevick closure relation
[136].
In figure 5.1(a) the cavity-centered radial distribution function is plotted as
a function of radial position for particles that are 1/20 the size of the cavity.
Curves of different color represent various volume fractions, and the straight
black line denotes a (normalized) uniform structure. Unsurprisingly, for tiny
particles, the structure is nearly homogeneous away from the wall. But undula-
tions appear near the wall and propagate inward as volume fraction increases. It
seems surprising that structure appears at such low volume fraction; one might
expect uniform distribution. Simulations in the present study (not shown in
the plot) for a single particle in the cavity do indeed recover a uniform distri-
83
bution, but even a second additional particle produces structure. The appear-
ance of structure at the wall can be independently recovered via other meth-
ods such as event-driven molecular dynamics simulations (see supplementary
materials). To highlight the density undulations, the data are replotted with
separate vertical axes for each volume fraction in figure 5.1(b). For the lowest
volume fraction (black symbols), a weak peak is seen near the wall. As volume
fraction increases, the peak near the wall narrows and grows taller, whilst de-
pleting concentration near the center (g(y) < 1). The intermediate region of the
cavity is structureless when φ  1, but as concentration grows, the peaks near
the wall propagate inward, suggesting the emergence liquid-like structure, a
non-continuum effect induced by confinement and concentration. Prior molec-
ular dynamics studies of the configuration of spheres inside a sphere by [128]
produce the same peaks and valleys as well; a comparison (shown in supple-
mentary materials) for a/R = 0.15 and φ = 0.4 shows excellent agreement. The
peaks are reminiscent of nearest-neighbor peaks, where here we imagine that
the ‘surrounding’ structure is now inside a test particle (the cavity). Confine-
ment of these neighbors to a finite domain alters this structure — most obvi-
ously with the fact that no length scale exists where g → 1, once volume frac-
tion is sufficiently high, and that the onset of the liquid-like structure occurs at
lower volume fractions than they do in the nearest-neighbor rings of unbound
suspensions. To compare structural heterogeneity in spherically confined sus-
pensions to the nearest-neighbor rings of unbound suspensions, we plot the
cavity-centered radial distribution function in the confined domain (symbols)
along side the pair distribution function of unbound suspensions (solid curves)
in figure 5.2. Here, the pair distribution function for unbound suspensions has
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Figure 5.3: Emergence of confinement-induced liquid-like structure.
Cavity-centered radial distribution function (density profile)
g(y) of particles inside a spherical cavity plotted as a function
of normalized position y/R for: (a) λc = 0.1, (b) λc = 0.15, (c)
λc = 0.2.
ately compare these two quantities, we plot them as a function of the separation
distance between the appropriate hard-sphere surfaces normalized by the parti-
cle radius. As concentration increases, structural heterogeneity arises on length
scales comparable to the particles size in both confined and unbound suspen-
sion, and propagates outward from the corresponding hard-sphere surface, i.e.
the cavity surface in the confined domain and the test particle surface in the un-
bound domain. Two key differences arise: first, confinement induces stronger
structural heterogeneity, with the amplitude of the structural undulations in the
confined domain larger in magnitude for all volume fractions. Second, confine-
ment propagates structural heterogeneity over longer length scales for all vol-
ume fractions. Thus, increasing the volume fraction in spherical confinement
induces stronger and longer-ranged structural heterogeneity than that of un-
bound suspensions at matching volume fraction. We expect changes in cavity
size to influence this behavior, and that this structural heterogeneity will influ-
ence short-time particle dynamics.
The effect of cavity size on this behavior is shown in figure 5.3, where the
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the cavity-centered radial distribution function is plotted as a function of ra-
dial position for several additional values of λc. In figures 5.3(a), 5.3(b), 5.3(c)
particles are 1/10, 1.5/10 and 1/5 of the cavity size, respectively, with colored
symbols representing the same range of volume fraction studied for the large
cavity of figure 5.1. The same qualitative trends appear — a peak near the
cavity wall and density oscillations that increase in frequency and magnitude
with increasing volume fraction. However, as the cavity shrinks, the undula-
tions become more pronounced and occur at lower volume fractions, showing
that confinement-induced ordering becomes more pronounced as entropic hin-
drance becomes more severe. The peaks of the undulation occur at multiples
of the particle size 2a/R, confirming the liquid-like layering induced by confine-
ment and concentration persists to volume fractions as small as φ = 0.1. For the
largest particles, λc = 0.2, sharp peaks emerge close to the center of the cavity,
y/R ≈ 0, at an intermediate distance from the cavity center y/R ≈ 0.4, and at the
closest a particle can get to the wall, y/R ≈ (R−a)/R = 0.8, while φ ≈ 0 elsewhere.
Such a strongly layered structure suggests that a phase transition to crystal-like
structure could occur; order parameters [150, 90] to quantify crystal formation
in spherically confined domains [161] could be utilized to further interrogate
this idea.
To more clearly illustrate the effects of particle-to-cavity relative size, the
cavity-centered radial distribution function is evaluated at fixed volume frac-
tion as the enclosure shrinks. In figure 5.4, the cavity-centered radial distribu-
tion function is plotted as a function of normalized position for two values of
fixed volume fraction. In figure 5.4(a) the suspension is dilute and the cavity-
centered radial distribution function for small particles (λc = 0.05) is nearly con-
stant throughout the domain, save for a weak accumulation near the wall. As
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Figure 5.4: Cavity-centered radial distribution function (density profile)
g(y) of particles inside a spherical cavity plotted as a function
of normalized position y/R for: (a) φ = 0.05 and (b) φ = 0.4.
Particle-to-cavity size ratios as shown in legend.
the cavity shrinks (λc = 0.1, 0.15, 0.2), the effect of the boundary becomes more
pronounced, until for λc = 0.2 accumulation near the wall is strong enough
to deplete intermediate regions. Overall, dilute suspensions of small particles
show little ordering near the center of the cavity, but larger particles order easily
at the same volume fractions when small particles remain structureless in dis-
tribution. At just 40% volume fraction, even the smallest particles (λc = 0.05)
form layers, but structural relaxation still permits the exchange of particles be-
tween layers, i.e. we expect liquid-like particle dynamics. Even the strongly
layered larger particles, λc = 0.1, 0.15, can still exchange places, as evidenced by
the finite probability of finding particles in the interstices between the layers.
In summary, we have found that the spherical boundary induces structure
that propagates radially inward from the wall over a length scale set by volume
fraction and particle-to-cavity relative size. In contrast to near-neighbor rings
observed in the pair distribution function of concentrated, unbound suspen-
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sions, the cavity-centered radial distribution function (or density profile) shows
that confinement induces liquid-like structure that emerges at lower volume
fractions, is of stronger magnitude, and propagates over longer length scales.
For the smallest particles, the combined effects of concentration and confine-
ment produce liquid-like structure, but only near the wall. Such layering can
be pushed by the boundary inward throughout the domain as particles grow
larger, but packing is still loose enough to permit the free exchange of particles
between layers.
The underlying origin of this behavior is entropic exclusion from the space
outside the impenetrable, finite-size sphere. Just as entropic interactions hinder
equilibrium diffusivity in unbound suspensions [11, 24, 70], we expect the ex-
clusion of volume to play a role in particle dynamics and confined diffusion. A
secondary effect is also expected, whereby the structural ordering induced by
entropic restrictions plays a role; we study both of these topics next.
5.1.2 Short-time self-diffusivity in spherically confined sus-
pensions
The rate at which a particle diffusively probes the surrounding medium is
slowed by hydrodynamic entrainment of other particles; at short times, such
diffusive motion is so small that it does not distort the surrounding structure
[11, 142], and thus is a purely hydrodynamic quantity. In an unbound suspen-
sion, this quantity depends only on the volume fraction of particles; the absolute
positions of the particles do not matter. Only particle positions relative to one
another influence transport, and particles can sample all relative separations
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with equal probability.
Hydrodynamically, an enclosure provides another no-slip surface that hin-
ders particle diffusion. As with the familiar example of an unbound pair, en-
trainment in the cavity depends on relative size, separation, and orientation
of hydrodynamic forces to center-to-center orientation [6]. In the present case,
hydrodynamic mobility also depends on particle distance from the cavity wall
and particle-to-cavity relative size λc. Because hydrodynamic forces can act in
any direction relative to the particle-to-cavity center-to-center axis, relative mo-
tion along the cavity radius differs from relative motion tangential to the cavity
wall, given the same strength of forcing. The hydrodynamic mobility functions
that describe such couplings in spherically confined suspensions were derived
in our recent work [6] and result in a configuration-dependent mobility ten-
sor. The short-time self-diffusivity, however, is an average over many config-
urations around a test particle, typically in a homogeneous domain. Since the
spherical cavity produces structural heterogeneity in the suspension, one way
to envision the average configuration around a test particle is to recognize that
annular shells form homogeneous subdomains. These permit examination of
variation of self-diffusion with radial position in the cavity. To examine this de-
pendence, the nth radial bin is defined at a location yn = ∆y(n − 1/2), where n
denotes the nth bin, as discussed in §3.2. Averages within each bin give diffusion
as a function of particle position, volume fraction, and size ratio. However, in
contrast to isotropic structure that produces isotropic self-diffusion in unbound
suspensions, spherical confinement permits isotropy only in the limiting case of
a single particle located at its center [42]. We thus expect structural anisotropy
to lead to anisotropic diffusion.
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To examine the elements of the self-diffusion tensor, we recognize that
within an annular bin, the suspension surrounding a test particle is, on aver-
age, isotropic in the solid angle. The short-time self-diffusivity is thus fully
specified via projection through the orthogonal basis yˆyˆ and I − yˆyˆ, where yˆ is a
unit vector along the center-to-center axis between the particle and cavity, and I
is the isotropic unit tensor. Projection through the former gives diffusion along
the cavity radius, while diffusion along the cavity is projected by the latter. Ex-
pressing the short-time self-diffusivity as a projection onto these two orthogonal
subspaces obtains
D0 = {[D||0(y/R, λc, φ)]yˆyˆ + [D⊥0 (y/R, λc, φ)](I − yˆyˆ)}, (5.2)
where D||0 and D
⊥
0 are the diffusion coefficients for motion along and perpendic-
ular to the cavity radius, respectively.
We utilized our recently developed confined mobility functions [6] imple-
mented into a Stokesian dynamics simulation model to measure the diffusion
coefficient D||0 and D
⊥
0 . The radial component, D
||
0, is plotted in figure 5.5 as func-
tion of particle distance from the cavity center. Figures 5.5(a-d) give D||0 for parti-
cles of size 1/5, 1.5/10, 1/10 and 1/20 the cavity size. Symbols correspond to sim-
ulations of spherically confined suspensions from the present study, accounting
for many-body hydrodynamic interactions between all particles and the cavity;
solid straight lines correspond to our simulation results for the short-time diffu-
sion in unbound suspensions at matching volume fractions. Finally, the dashed
lines correspond to the short-time self-diffusivity of a single particle inside the
spherical cavity [85, 6]. This provides a means by which to assess the effects
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Figure 5.5: Radial component of the short-time self-diffusivity as a func-
tion of normalized distance from the center y/R for particle-to-
cavity size ratios (a) λc = 0.2, (b) λc = 0.15, (c) λc = 0.1, and (d)
λc = 0.05. In each plot, the symbols represent the diffusivity of
particles in confined suspensions at varying volume fractions,
and the straight solid lines represent the diffusivity in unbound
suspension at matching volume fractions obtained here utiliz-
ing Accelerated Stokesian Dynamics simulations. The dashed
line represents the diffusivity for a single particle inside the
spherical cavity. Error bars are omitted for clarity, but can be
found on plot in Appendix E. Number of particles per simula-
tion varies with volume fraction as shown in plots.
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bound suspension data to dilute pair theory.
As a particle diffuses in a suspension, the presence of the other particles’ no-
slip surfaces hinder its motion; spherical confinement introduces a distinct no-
slip surface that provides additional viscous dissipation. Its effect can be seen in
figure 5.5(a), where the data for confined diffusion falls everywhere below the
corresponding volume-fraction data (straight lines). To isolate the contribution
of particle-boundary interactions, we show the radial diffusivity of a single par-
ticle inside the cavity (dashed curve). A single enclosed particle diffuses fastest
at the cavity center; its diffusivity decreases monotonically as it approaches the
wall where lubrication forces drive its mobility to zero. The presence of ad-
ditional particles introduces many-body couplings that change structure and
diffusion. These effects emerge for volume fractions as small as φ = 0.05, with
undulations in the diffusivity that become more pronounced as concentration
increases. The peaks and troughs appear at radial positions that correspond to
regions of density accumulation or depletion shown in figure 5.3. When a pair
of particles is separated just enough to fit a third particle (of size 2a/R), mobil-
ity decreases owing to strong hydrodynamic coupling showing that structural
heterogeneity produces dynamical heterogeneity.
However, volume fraction cannot be specified independently of particle-to-
cavity size ratio; growth in cavity size at fixed volume fraction (plots 5.5(b),
5.5(c), and 5.5(d)) permits growth in self-diffusivity. As cavity size increases,
position dependence of diffusivity becomes less pronounced(cf. figure 5.5(d)).
Eventually in the limit λc → 0 (unbound suspension) confinement effects will
vanish. However, figure 5.5(d) shows that confinement effects are qualitatively
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Figure 5.6: Perpendicular component of the short-time self-diffusivity
as a function of normalized distance from the center y/R for
particle-to-cavity size ratios (a) λc = 0.2, (b) λc = 0.15, (c)
λc = 0.1, and (d) λc = 0.05. In each plot, the symbols rep-
resent the diffusivity of particles in confined suspensions of
varying volume fractions, and the straight solid lines represent
the diffusivity in an unbound suspension (obtained via Accel-
erated Stokesian dynamics) at matching volume fractions. The
dashed line represents the diffusivity for a single particle inside
the spherical cavity.
ment can strongly impact the diffusivity of particles with biophysically relevant
particle-to-cavity size ratios [64].
Diffusivity transverse to the cavity radius is considered next. In figure 5.6,
the perpendicular component of the short-time self-diffusivity is plotted as a
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function of distance from the cavity center for several volume fractions. Figure
5.6 illustrates the interplay between cavity size and particle volume fraction,
with λc = 0.2, 0.15, 0.1 and 0.05 in figure 5.6 (a)-(d), respectively. As before, a
dashed curve in each plot gives the diffusivity of a single confined particle, and
symbols and solid lines are simulation results from the present study for con-
fined and unconfined domains, respectively. As with radial diffusion, the dif-
fusivity of confined particles (λc = 0.2, 0.15, 0.1, 0.05) is hindered and position-
dependent, with undulations arising from heterogeneous concentration. Over-
all, undulations of transverse self-diffusion are weaker than radial undulations,
demonstrating that radial variations in volume fraction more strongly impact
radial diffusion. Physically, when a particle in the confined suspension moves
in the radial direction, the presence of other neighboring particles has a strong
effect, owing to hindered entrainment. When a particle moves in the perpendic-
ular direction, the presence of other neighboring particles has a weaker effect
due to stronger entrainment. Thus, whether a particle is located in a region of
accumulation or depletion will cause variations (or undulations) of larger mag-
nitude in the radial diffusion coefficient. Unsurprisingly, perpendicular diffu-
sion vanishes slower than radial diffusion for particles close to the wall, owing
to logarithmically weaker hydrodynamic coupling associated with perpendic-
ular motion (sliding flow), as compared to that resulting from radial motion
(squeezing flow), an observation previously predicted for a single enclosed par-
ticle by [132].
Computing the ratio of radial to transverse diffusion removes the influence
of the volume fraction on the anisotropy of the diffusion tensor, and should
reveal the extent to which structure, e.g. layering, sets this anisotropy. The
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Figure 5.7: Anisotropy of diffusion plotted as a function of normalized
particle position y/R for particle-to-cavity size ratios (a) λc =
0.2, (b) λc = 0.15, (c) λc = 0.1, and (d) λc = 0.05. In each plot,
symbols represent the degree of anisotropy for spherically con-
fined suspensions at varying volume fractions. The straight
line represents a value of unity, the limit of isotropic diffusion.
anisotropy’, where a value of zero corresponds to isotropic diffusion, negative
values correspond to preferred radial diffusion, and positive values correspond
to preferred transverse diffusion. This quantity is plotted in figure 5.7 as a func-
tion of radial position for particles that are 1/5, 1.5/10, 1/10, and 1/20 of the
cavity size in figures 5.7(a)-(d), respectively. The dashed line corresponds to the
degree of anisotropy of an isolated particle in the confined domain, and symbols
to the degree of anisotropy in confined suspensions at various volume fractions.
Isotropic diffusion is mapped onto the horizontal line through zero. Particles at
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the center of the cavity (left end of axis), exhibit isotropic diffusion, regardless
of particle-to-cavity size ratio. However, the higher standard error in measure-
ments done in bins near the center of the cavity leads to non-zero values near
the center. As the particle moves any distance away from the center, anisotropy
emerges. Near particle-cavity contact D||/D⊥ ≈ 1, owing to longitudinal lubrica-
tion interactions that are strong relative to transverse interactions.
Even though volume fraction dependence is automatically scaled out by the
ratio, the undulations do not collapse together, confirming that heterogeneity
in particle dynamics arises from structural heterogeneity. In contrast to the
behavior of an isolated particle where radial diffusion is always slower than
perpendicular diffusion, liquid-like structure at high volume fractions results in
regions where radial diffusion is faster than perpendicular diffusion. In biophys-
ical systems, such dynamic heterogeneity could serve to optimize the short-time
diffusion of particles along the radial or perpendicular directions depending on
their position. The dynamical heterogeneity also poses interesting questions for
e.g. the formation of photonic crystals via decreasing cavity radius in spheri-
cally confined suspensions [165], where the time scale of shrinking the cavity
radius may not allow the structure to relax into a fully crystallized state, or for
interpretation of particle diffusive behavior in the interior of eukaryotic cells
[43].
In summary, short-time self-diffusivity in spherically confined domain is
position dependent, anisotropic and exhibits undulations that arise primarily
due to boundary- and concentration-induced structure. Such features must be
taken into consideration when measuring short-time diffusion coefficients in
e.g. cells, as ignoring it will lead to artificially large or small diffusion coef-
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ficients, depending on particle position and suspension structure. Finally, the
ordered dynamical heterogeneity seen here suggests that confinement may pro-
mote self-organization of particles in biophysical systems based on their size
and self-mobility.
5.1.3 Comparison to direct measurements: Numerical experi-
ments
In the previous section, the short-time self-diffusivity was computed by cal-
culating an ensemble-averaged mobility tensor utilizing a stochastic sampling
technique to obtain the tensorial couplings between force and motion. How-
ever, particle-tracking experiments typically do not allow direct access to such
couplings. Instead, experiments rely on measurement of particle positions, from
which mean-square displacement may be calculated and utilized to determine
diffusion coefficients. Here, we compare results from the previous section to
the short-time self-diffusivity obtained via numerical particle-tracking ‘experi-
ments’, in the present study. This provides an experimental protocol that ac-
counts for confinement.
In a particle-tracking experiment, measurement of the short-time self-
diffusivity requires measurement of the displacements of many particles over
a short time interval (lag time)[135]. The mean absolute displacement at each
moment in time is obtained by averaging over all particles; it is then subtracted
from the absolute displacement of each particle to give its time-dependent dis-
placement from mean motion. The square of this quantity is then averaged
across all particles to give the mean-square displacement; if this quantity grows
97
linearly in time, its derivative gives the short-time self-diffusion coefficient. This
procedure is utilized for unconfined suspensions, where the absolute starting
position of any particle is irrelevant. However, as shown in §5.1.2, the short-
time self-diffusivity in confinement varies qualitatively with position relative to
the cavity center, an effect that is smeared out and lost by all-particle averaging.
To account for the effects of confinement, in §5.1.2 we established a radial
binning technique that permits identification and tracking of particles accord-
ing to their distance from the center of the cavity. An accurate measurement
requires either a large number of particles in each bin to sample many repre-
sentative configurations around test particles, or a finite number of particles per
bin rearranged into many different configurations within the bin. The latter ap-
proach is easily taken by measuring a snapshot of particle positions, waiting
until particles rearrange themselves, and carrying out the measurement again
several more times. One way to do this is to trace particle displacements over
time, where such data automatically identifies each particle’s current bin; a ju-
dicious choice of lag time, ∆t, is made, and a new ‘snapshot’ begun at each new
initial time t0.
The absolute displacement vector ∆yi j(∆t) = yi j(t0 + ∆t) − yi j(t0) of a particle
i located in bin j during the lag time interval ∆t is measured, and each particle
is binned according to its radial position at time t0, yi j =
∣∣∣yi j(t0)∣∣∣. The mean dis-
placement within the jth bin, 〈y〉 j(∆t), is then calculated. When the suspension is
quiescent, the mean motion of the particles is vanishingly small. Displacements
relative to the mean are then calculated and projected in directions along and
perpendicular to the cavity radius by utilizing the orthogonal bases yˆi j(t0)yˆi j(t0)
and [I− yˆi j(t0)yˆi j(t0)]/2, respectively. Along the radial direction, the displacement
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relative to the mean is defined as
ri j,||(∆t, t0) = [∆yi j(∆t) − 〈y〉 j(∆t)] · yˆi j(t0). (5.3)
Similarly, we define displacements relative to the mean in the perpendicular
direction as
ri j,⊥(∆t, t0) =
∣∣∣[∆yi j(∆t) − 〈y〉 j(∆t)] · [I − yˆi j(t0)yˆi j(t0)]/2∣∣∣. (5.4)
Anisotropy and radial dependence of the mean-square displacement are au-
tomatically captured by this method; the mean-square displacement in the ra-
dial direction varies with distance y from the center, i.e. it is the mean-square
displacement in the jth bin:







[ri j,||(∆t, t0 = k∆t)]2. (5.5)
In equation 5.5, the angle brackets represent an ensemble over many configura-
tions within bin j, the indices denote the ith particle in the jth bin, N j is the total
number of particles in bin j, and ns is the total number of snapshots (realiza-
tions) k of duration ∆t. Similarly, the perpendicular mean-square displacement
transverse to the radius is,







[ri j,⊥(∆t, t0 = k∆t)]2. (5.6)
The radial and perpendicular short-time self-diffusion coefficients, as they vary
with position in the cavity, are directly obtained as
D||0, j(λc, φ) = 〈r2|| 〉 j(∆t, λc)/(2∆t), (5.7)
and
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Figure 5.8: Short-time self-diffusivity in the (a) radial and (b) perpendic-
ular directions obtained via ‘numerical experiments’ in the
present study with lag time ∆t = 0.01. Particles are 1/10 the
cavity size and a range of volume fractions, 0.05 ≤ φ ≤ 0.4, are
plotted as shown in the legend.
Short-time self-diffusion is plotted as a function of radial position by identifying
the location of each bin as the distance of the bin center to the center of the cavity,
given by y j = ( j − 1/2)/(ntotλc).
The short-time self-diffusivity measured via this method in our simulations
is plotted as a function of particle radial position in figure 5.8 for a range of vol-
ume fractions φ and particles of size a = R/10. Two sets of data appear in each
plot: solid curves correspond to the experimental measurement of mean-square
displacement, and open symbols correspond to the mobility tensors utilized in
§5.1.2. Each curve is nearly indistinguishable from its corresponding symbol
series, indicating excellent agreement between numerical experiments and the
stochastic sampling technique. This also shows that the lag time interval se-
lected, ∆t = 0.01a2/D0, accurately captures short-time self-diffusion for particles
one-tenth the size of the enclosure. At lower volume fractions, there are fewer
particles within the small volume at the center, which leads to a larger standard
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error for measurements in that region. In a particle-tracking experiment, such
error can be mitigated by increasing the number of snapshots (realizations). An-
other strategy to mitigate the reduced sampling near the center is to define bins
of constant volume, such that bins near the cavity center have a larger radius
and thus a higher probability of containing particles. However, bins of constant
volume improve sampling near the center at the cost of spatial resolution in the
measured diffusion coefficient.
It is natural to ask what errors would arise if the effects of the boundary, such
as dependence on radial position and anisotropy, were neglected. A discussion
of those errors is given next.
5.1.4 Relative error arising from common approximations
Here, we compare the short-time self-diffusivity that would be obtained in
a particle tracking experiment if the tensor were assumed to be isotropic and
position independent, an approximation often made when data are analyzed
following the same protocols utilized for unbound suspension. We determine
the relative error of this approximation, for diffusion along the cavity radius, by
comparing the approximated numerical ‘particle tracking experiments’ to the
results obtained in §5.1.2. As discussed in §5.1.3, in measurements of short-time
diffusion in unconfined suspensions the starting position of any particle is irrel-
evant. In addition, motion is isotropic on average and so only the magnitude
of particle displacements matters; direction does not matter. Absolute displace-
ments are thus measured and averaged over all particles, to obtain the mean
displacement within the cavity 〈y〉(∆t). The magnitude of the displacement rel-
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ative to the mean is then,
r′i j(∆t, t0) =
∣∣∣∆yi j(∆t) − 〈y〉(∆t)∣∣∣, (5.9)
Averaging the mean-square motion over all particles is equivalent to a spatially









[ri j(∆t, t0 = k∆t)]2, (5.10)
where the overbar indicates a spatial average over the ensemble (bin) average
indicated by the angle bracket.
This is a weighted average, where the weight is the probability of finding a
particle in the jth bin and the average is taken along the cavity radius. As the
cavity size increases, the probability of finding a particle in any bin far from the
wall becomes uniform, indicating homogeneous suspension structure. Thus,
the ensemble-averaged mean-square displacement of unbound suspensions is
recovered in the limit λc → 0. This approach smears out anisotropy and depen-
dence on radial position, providing a means with which to determine the error
arising from such approximation. Utilizing this approach, the diffusivity may
then be approximated as
DMSD(λc, φ) = 〈r2〉(λc, φ)/6∆t, (5.11)
where ∆t  a2/D0 so that particle displacements are measured during the
short-time self-diffusive regime. To quantify the error arising from this approx-
imation, we define the relative error for diffusion along the cavity radius as
E||(y/R, λc, φ) = 100




In figures 5.9(a)-(c), the relative associated with approximating radial dif-
fusion via this anisotropic, smeared averaging is plotted for particle-to-cavity
relative sizes of 1/5, 1.5/10 and 1/10, respectively; different curves correspond
to different volume fractions. Beginning with the relative error for dilute sus-
pensions (φ = 0.05) of particles that are 1/5 the cavity size, the plot shows that
near the center, the relative error can be as high as 35%. Near the dilute limit,
error decreases to a minimum and suddenly reverses toward a maximum as the
wall is approached. This reversal occurs where the coarse prediction changes
from an under-prediction to an over-prediction of the correct value. As vol-
ume fraction increases, several such reversals occur, evidence of the impact of
neglecting structural heterogeneity. The spatial variation of error changes with
volume fraction: the relative error in a concentrated suspension is higher than
that of a dilute suspension at a position of y/R ≈ 0.3, whereas the relative error
in a concentrated suspension is smaller than that of a dilute suspension at a po-
sition of y/R ≈ 0.45. This shows that pronounced error persists as concentration
increases, i.e. that crowding and confinement do not give bulk behavior. With
decreasing particle size, the relative error decreases for all positions away from
the cavity wall. Large errors are still observed near the center for the smallest
particles, with a particle-to-cavity relative size of 1/10. Close to the cavity wall,
the relative error diverges regardless of particle-to-cavity relative size, showing
that such approximations will lead to large errors when predicting the motion
of particles near the cavity surface. Overall, assuming diffusion to be isotropic
and independent of position leads to serious qualitative errors in the predicted
radial diffusion which increase with increasing particle size. Large errors are
obtained whether the particle is near the cavity center or close to the cavity
wall. Similar behaviors are observed for the relative error along the direction
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Figure 5.9: Relative error of the short-time self-diffusivity in the radial di-
rection approximated by the early time behavior of the mean-
square displacement. Plots (a), (b) and (c) correspond to the
relative error in the radial direction for suspensions with a
particle-to-cavity relative size of 1/5, 1.5/10 and 1/10, respec-
tively.
perpendicular to the cavity radius and these are discussed in Appendix B.4.
Overall, assuming diffusion to be isotropic and independent of position
leads to qualitative error in the predicted radial diffusion even for small par-
ticles at dilute concentrations; error only increases with increasing particle size.
The relative errors observed for diffusion perpendicular (see Appendix B.4) to
the cavity radius highlight the importance of accounting for the effect of confine-
ment when measuring particle diffusivities in 3D confined suspensions, as such
coarse approximations can fail to predict variations in mobility which could aid
in self-organization.
5.1.5 Long-time behavior: mean-square displacement
A diffusing particle will distort suspension structure as it probes its sur-
rounding medium, leading to correlated motion as it escapes a ‘cage’ of neigh-
boring particles, during which its mean-square displacement grows sublinearly
in time [142]. In an unbound domain, a particle executes a random walk
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through the suspension after many such structural rearrangements, undergoing
long-time self-diffusion. In a 3D-confined domain, a particle will also distort the
surrounding structure as it exchanges places with its neighbors, but after many
such exchanges, the particle is still confined to a finite domain. [162] showed
that a single point-particle will exhibit a long-time plateau in mean-square dis-
placement as this finite domain is explored. A question left open by previous
studies is whether, between these two limits, a long-time diffusive regime ex-
ists. In this section, we continue our study of confined particle dynamics, but
now study particle motion over longer times.
Over long times, a particle will wander from its starting point, sampling
many different radial positions and, as a consequence, different radial bins
within the cavity. This suggests that a spatially averaged mean-square displace-
ment is appropriate for the study of long-time particle dynamics. Absolute dis-
placements ∆yi j are thus measured and averaged over all particles to determine
the mean displacement within the cavity 〈y〉(∆t). We note that, as before, the
mean motion of the particles is vanishingly small in quiescent suspensions. Ra-
dial displacements relative to this mean are then calculated via
r′i j,||(∆t, t0) = [∆yi j(∆t) − 〈y〉(∆t)] · yˆi j(t0), (5.13)
where the prime indicates that displacements are relative to the mean displace-
ment within the cavity. Similarly, the perpendicular displacement relative to the
mean is given by
r′i j,⊥(∆t, t0) =
∣∣∣[∆yi j(∆t) − 〈y〉(∆t)] · [I − yˆi j(t0)yˆi j(t0)]/2∣∣∣. (5.14)
In contrast to equations 5.3 and 5.4, equations 5.13 and 5.14 give particle dis-
placement relative to the spatially averaged mean motion, 〈y〉(∆t). The square
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of these quantities are then ensemble-averaged to give the spatially averaged
radial and perpendicular mean-square displacements:




















[r′i j,⊥(∆t, t0 = k∆t)]
2, (5.16)
where the overbar on the left-hand side indicates a spatially averaged quantity
with respect to the radial position, and the angle brackets represent an ensem-
ble (realization) average. In the confined domain, equations 5.15 and 5.16 are
weighted averages, where bins with more particles weight the average more
than bins of smaller volume. The implication of such a technique is that the
overall measurement gives a better idea of what is going on near the wall, but a
less clear idea of dynamics elsewhere.
The radial and perpendicular spatially averaged mean-square displace-
ments are plotted as a function of lag time for a particle-to-cavity size of 1.5/10
in figures 5.10(a) and 5.10(b), respectively. Several curves are shown, repre-
senting a range of volume fractions. In figure 5.10(a), the average radial mean-
square displacement grows linearly in time at short times, as particles undergo
short-time self-diffusion. At intermediate times, average radial mean-square
displacement grows sublinearly for 0.05 ≤ φ ≤ 0.15, suggesting that particles
undergo correlated motion as they exchange places with their neighbors. The
power-law exponent of this subdiffusive motion decreases with increasing lag
time, and eventually vanishes to a long-time plateau. The time required to reach
the long-time limit corresponds to the time required for particles to sample the
entire domain. When particles are dilute and large, ‘caging’ effects arise both
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Figure 5.10: Average (a) radial and (b) perpendicular mean-square dis-
placement plotted as a function of lag time for a suspension
with particles that are 1.5/10 the size of the cavity, for several
volume fractions, as shown in the legend. Solid, dashed, and
dashed-dotted curves correspond to suspensions of different
volume fractions from the present study as shown in the leg-
end. The dotted curve in (a) corresponds to the result of [162]
for a single point particle diffusing in one dimension.
prior to the long-time plateau. As concent ation increases, 0.2 ≤ φ ≤ 0.4, an
intermediate superdiffusive region emerges, separating the short-time diffusion
and long-time plateau. Thus, the combined effects of crowding, hydrodynamic
interactions and confinement can lead to anomalous transport. This region of
superdiffusive motion occurs before the long-time plateau, but after the subdif-
fusive transition that occurs after short-time diffusion. This suggests that ‘cage
hopping’ events play a role in setting the superdiffusive character of the average
radial mean-square displacement.
The data from the present study can be compared to simplified theory, as
shown by the dotted-line curve in figure 5.10(a), which corresponds to the
model of [162] for point-particle diffusion along a line in a cavity. The data from
the present study shown in the plot is projected along one direction as well,
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providing a opportunity for qualitative comparison. Unsurprisingly, the point-
particle theory and the concentrated, finite-size results reach the same long-time
plateau since entropy (no flux) restricts long-time motion to the cavity bound-
ary. However, the theory strongly over-predicts short-time diffusion owing to
their neglect of particle size and hydrodynamic interactions. More seriously, it
fails to predict the anomalous transport observed at higher volume fractions,
confirming that crowding and hydrodynamic interactions play a critical role on
this behavior.
The average perpendicular mean-square displacement is plotted in figure
5.10(b). For 0.05 ≤ φ ≤ 0.15, it is actually subdiffusive, with a power law exponent
that vanishes to a long-time plateau. Consistent with the behavior observed in
figures 5.10(a), ‘caging’ arises both from the cavity and other particles. As con-
centration increases, 0.2 ≤ φ ≤ 0.4, an intermediate subdiffusive region emerges
during the lag times where the average radial mean-square displacement dis-
plays a superdiffusive behavior. As with the average radial mean-square dis-
placement, this intermediate region occurs before the long-time plateau but af-
ter the short-time diffusion region, suggesting that ‘cage hopping’ events play a
role in this behavior as well.
Overall, the combined effects of crowding, hydrodynamic interactions and
confinement lead to anomalous transport that qualitatively depends on the di-
rection of motion. Caging effects of both surrounding particles and the enclos-
ing cavity produce anomalous transport – superdiffusion in the radial direction
and subdiffusion in the transverse direction. In the next section we explore the
idea that cage hopping dynamics underlie this behavior. In the next section,
we provide further evidence that cage hopping events play a role in particle
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dynamics at these time scales by analyzing the average excess kurtosis of the
confined suspension.
5.1.6 Dynamics of cage hopping
The linear growth of mean-square displacement with time for diffusive mo-
tion produces a Gaussian distribution of particle displacements; deviation from
Gaussian behavior can arise when behavior becomes sub- or super-diffusive.
The excess kurtosis measures the deviation of the tails of a probability distri-
bution from Gaussian behavior, focusing on regions of the distribution that are
far from the mean. Here we define the average excess kurtosis of motion in a
spherically confined domain, where positive values indicate a broader tail (in-
creased probability of displacements far from the mean) and negative values
indicate thinner tails (lower probability of displacements far from the mean), as
compared to a Gaussian distribution. An increased likelihood of large displace-
ments is associated with the structural rearrangements particles must undergo
in order to jump between cages of neighboring particles [172]. The excess kur-
tosis thus provides a means by which to identify the time scale over which such
‘cage hopping’ events take place, as well as which direction plays a more im-
portant role in cage hopping.
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where r4||, j represents the fourth moment of the probability distribution of par-
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Figure 5.11: Average (a) radial and (b) perpendicular excess kurtosis as a
function of lag time for a suspension with particles that are
1.5/10 the size of the cavity. Different curves represent differ-
ent volume fractions, as shown in the legend.
average over particles within a bin j. Conducting the average within radial bins
ensures that the average excess kurtosis will vanish at times small enough to
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The average excess kurtosis in the radial direction is plotted as a function
of lag time in figure 5.11 for a particle-to-cavity relative size of 1.5/10. Several
curves are shown, representing the range of volume fractions 0.05 ≤ φ ≤ 0.4.
In figure 5.11(a) the average radial excess kurtosis is vanishingly small at early
times, that is, particle motion is primarily diffusive. With increasing lag time,
the average radial excess kurtosis increases, suggesting that large displacements
along the radial direction take place. A maximum is reached at intermediate
times, after which the average radial excess kurtosis decreases towards a long-
time plateau as particles sample the extent of the domain. The time required
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for the average radial excess kurtosis to cross over from positive to negative in-
creases with volume fraction. This suggests structural rearrangements become
slower as crowding increases.
In figure 5.11(b) the average perpendicular excess kurtosis is plotted and
again shown to be vanishingly small at early times where particle motion is
diffusive. However, in contrast to the average radial excess kurtosis, for vol-
ume fractions 0.05 ≤ φ ≤ 0.2 the average perpendicular excess kurtosis does
not increase to positive values; it remains vanishingly small and only becomes
negative as particle dynamics approach the long-time plateau.
These results suggests that cage hopping events occur mainly along the ra-
dial direction for this range of volume fractions. In a biophysical system, such
behaviors could allow particles to sample their environment more rapidly along
the radial direction, an effect that would act to mitigate the hydrodynamic hin-
drance of the cavity surface. At higher volume fractions, 0.25 ≤ φ ≤ 0.4, the av-
erage perpendicular excess kurtosis becomes weakly positive, suggesting larger
displacements are favored and cage hopping events occur along the perpendic-
ular direction. However, the weakly positive values indicate that the role of
perpendicular displacements is smaller than that of radial displacements, and
that radial displacements are more important. Similar to the average radial ex-
cess kurtosis, the time required for the average perpendicular excess kurtosis
to attain negative values increases with increasing volume fraction, suggesting
slower dynamics as crowding increases.
Overall, the average excess kurtosis suggests that, unsurprisingly, the time
scale required to escape cages of neighboring particles increases with volume
fraction. It also suggests that cage effects from the confining boundary or neigh-
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boring particles cause displacements along the radial direction to become larger,
while having little effect on structural rearrangements along the perpendicular
direction. These anisotropic long-time particle dynamics pose interesting ques-
tions for microconfined systems. For example, in the crowded environment of
the cell interior, cage rearrangements occurring mainly along the radial direc-
tion could mitigate hydrodynamic hindrance from the surface of the cell mem-
brane or a cellular micro-compartment, allowing particles to better explore their
surroundings. Another example are the relaxation processes taking place dur-
ing the formation of photonic balls [92, 165], where volume fraction is increased
via a reduction of the radius of a spherical boundary.
5.2 Conclusions
We have studied the short- and long-time transport properties of concen-
trated, spherically confined colloidal suspensions for a range of particle-to-
cavity relative sizes, finding that the hydrodynamic and entropic effects of con-
finement exert a qualitative impact on self-diffusion and micro-structure. At
short times, diffusion in the 3D-confined domain is anisotropic and depen-
dent on particle distance from the cavity center. As volume fraction increases,
boundary- and concentration-induced spatial heterogeneity in particle concen-
tration causes radial undulations in short-time diffusion. Confinement hinders
short-time diffusion and such hindrance depends on particle-to-cavity relative
size, volume fraction and radial position inside the spherical cavity. The ordered
dynamical heterogeneity seen here could also promote particle self-organization
based on self-mobility, which may have important implications in biophysical
systems.
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To account for confinement effects in particle tracking experiments, we pro-
pose a radial binning technique and decomposition of particle displacements
into an orthogonal basis. The technique was tested by conducting ‘numerical
experiments’, where particle displacements and positions are tracked through-
out simulation an utilized to calculate short-time diffusion coefficients by com-
puting mean-square displacement in directions along and perpendicular to the
cavity radius. The method was found to accurately reproduce short-time diffu-
sion coefficients obtained from the ensemble-averaged mobility, and illustrates
the importance of selection of the lag time interval.
Long-time transport behavior was studied utilizing a spatially averaged
mean-square displacement. No long-time self-diffusive regime exists in the con-
fined domain; particle mean-square displacement instead reaches a plateau at
long times. With increasing volume fraction, particles require a longer time to
reach the long-time plateau, suggesting that long-time dynamics become slower
as crowding increases. Caging effects were found to arise both from the cavity
and other particles and, at moderate to high concentration, anomalous diffusion
is observed, with superdiffusive and subdiffusive behaviors along the radial
and perpendicular directions, respectively. The average excess kurtosis along
the radial direction revealed that large displacements are favored in this direc-
tion as particles undergo cage hopping. In contrast, the average perpendicular
excess kurtosis suggests small changes in the statistics of displacements along
the perpendicular direction. The average excess kurtosis in both the radial and
perpendicular directions was found to reach a long-time plateau as particles
sample the domain extent. Overall, cage-hopping dynamics are primarily ra-
dial; perpendicular motion is less important for cage hopping events.
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These confinement-induced effects answer some open questions and also
pose interesting new ones relevant to confined biophysical transport. We have
shown here that hydrodynamic coupling to the spherical boundary strongly
hinders particle motion as particle-to-cavity relative size increases in concen-
trated suspensions. Our finding explains the observation of a ‘finite size effect’
observed in the experimental measurements of [77], wherein particle motion
in a bidisperse concentrated suspension confined inside a high surface tension
droplet was strongly hindered with decreasing particle-to-cavity relative size.
This led the authors to hypothesize motion was perhaps slowed by the more
pronounced curvature of smaller droplets. Results presented here suggest the
motion of large particles is slowed primarily by stronger hydrodynamic cou-
pling with the cavity wall. We also show that in concentrated suspensions of
freely diffusing hydrodynamically interacting hard spheres, the presence of 3D
confinement leads to mean-square displacement with an anomalous temporal
growth. In addition, this long-time anomalous transport is anisotropic. This
makes it clear that experimental measurements reporting anomalous transport
in micro-confined biophysical systems [118, 173] require careful consideration
of the particle-to-cavity relative size to address the role of the boundary. Now
that we have shown that the role of particle-to-cavity size ratio is important, and
quantified its effects, it opens new questions; for example, the particle-to-cavity
relative size of some intracellular particles [170] changes during cellular pro-
cesses such as cell division, which will qualitatively change particle transport
due to confinement effects. How such changes in transport properties affect cel-
lular processes remains an open question, but the idea that such sizes are tied
to cell changes is an emergent area of study. Although many particle-tracking
experiments have been conducted inside cells [153, 43, 78, 160] the particle-to-
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cavity relative size of the tracked particle is seldom reported nor is the mean-
square displacement projected through the most physically relevant orthogonal
basis, which may mask important anisotropic behaviors that can explain dif-
ficulties in transport of e.g. DNA therapy vectors. Future modeling work in
this area must also incorporate more detailed architecture, such as size polydis-
persity, spheroids and slender-bodies to model organelles and the cytoskeleton,
deformable and slippery surface conditions, and active motion. Going forward
it is clear that any such modeling must account for many-body hydrodynamic
and lubrication interactions and a confining boundary.
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CHAPTER 6
HYDRODYNAMIC ENTRAINMENT IN SPHERICALLY CONFINED
SUSPENSIONS
As seen in chapters 4 and 5, the combined effects of crowding and hydro-
dynamic interactions in a spherically confined domain exert a pronounced in-
fluence on the short- and long-time transport properties of particles in colloidal
dispersions. Central to such behavior is how crowding and the presence of the
boundary alter inter-particle hydrodynamic interactions — i.e. the effect of the
boundary on self and entrained motion. In hard-sphere colloidal dispersions,
self and entrained motion are given by the hydrodynamic mobility tensors. As
discussed in chapter 2, determination of hydrodynamic mobilities tensors tra-
ditionally focused on solving the Stokes equations for a pair of no-slip surfaces.
Extension of such calculations to include the effect of three or more particles
renders the problem intractable when using traditional approaches (e.g. twin-
multipole expansions, method of reflections, etc.). Although some methods
have been developed to handle such many-body problems analytically[121], the
complexity of the resulting equations limits their application.
Recent work has leveraged computational approaches to determine the hy-
drodynamic coupling between a pair of particles in suspensions near the pres-
ence of a confining boundary or at finite concentrations in an unbound domain
while accounting for both many-body and lubrication hydrodynamic interac-
tions. Of particular interest in such studies is whether confinement, crowding,
or other features of the suspension result in the screening of hydrodynamic in-
teractions. Here, screening of hydrodynamic interactions is defined as a faster
decay of hydrodynamic interactions with inter-particle separation distance r,
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as compared to the slow 1/r decay obtained for a pair of particles in an un-
bound domain. To study the effect of planar wall confinement on pair en-
trainment, Lele et al. (2011) [112] utilized experiments and Stokesian dynamic
simulations to determine the hydrodynamic mobility between a single particle
and a nearby hexagonal cluster of particles. They observed a faster decay of
hydrodynamic entrainment as a function of inter-particle separation distance,
suggesting confinement can weaken hydrodynamic interactions. More recently,
Zia et al. [180, 152] utilized Accelerated Stokesian Dynamics[147] simulations
to determine an effective concentrated pair mobility for particles immersed in
a concentrated suspension. Their goal was to determine whether crowding, or
increasing particle concentrations, led to a screening of hydrodynamic interac-
tions. Of particular interested was whether crowding caused hydrodynamic
interactions to be Brinkmann-screened, i.e. to exhibit a decay with inter-particle
separation that scaled as 1/r3. The authors found that crowding led to an O(1)
suppression of particle entrainment, but did not result in hydrodynamic screen-
ing. That is, hydrodynamic entrainment was suppressed by crowding but found
to decay as 1/r for widely separated particles for all the concentrations consid-
ered in the study. Although previous studies have focused separately on the ef-
fects of confinement and concentration on particle entrainment, their combined
effects have not been studied. Here, we study the combined effects of crowding
and confinement on particle entrainment by utilizing our simulation method
for spherically confined colloidal suspensions.
In an unbound suspension, the interactions between a pair of spherical parti-
cles can be resolved by projecting the mobility into two orthogonal components.
One component projects the forces and velocities onto a direction along the line
of centers between the particles. The other, projects forces and velocities in a
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direction perpendicular to the line of centers between the particles. However,
as discussed in section 3.3, in a spherically confined domain two components
are insufficient to fully specify the mobility matrix. As a pair of particles in-
teract in the confined domain, reflected interactions from the cavity wall give
rise to couplings between forces along (perpendicular to) the line of centers and
motion perpendicular to (along) the line of centers. The consequence of such
interactions is that five components are required to fully specify the hydrody-
namic mobility (cf. equation 3.9). To compare hydrodynamic interactions in
confined suspensions to those of unbound suspensions, we will define scalar
quantities that couple a force along or perpendicular to the line of centers to the
velocity in the same direction. For a force and velocity lying along the line of
center between the particles we obtain,
xaαβ ≡ rˆ · MUF,αβ · rˆ = xA1αβ + xA5αβ. (6.1)
In contrast, for a force and velocity lying perpendicular to the line of center
between the particles we obtain,
yaαβ ≡ rˆ⊥ · MUF,αβ · rˆ⊥ = xA4αβ + xA5αβ. (6.2)
In the limit λc → 0, the components defined in equations 6.1 and 6.2 recover
the two orthogonal components of the hydrodynamic mobility in unbound sus-
pensions. These two components will thus be utilized to compare hydrody-
namic interactions in confined suspensions to those of unbound suspensions.
The terms of the concentrated pair mobility coupling a force along the line of
center to motion perpendicular to it and vice-versa, i.e. components xA3αβ and x
A4
αβ
in equation 3.9, have a small magnitude. As a consequence the value of each
component in concentrated suspensions is of the same order as the simulation
noise. Discussion of these components is thus left to appendix C.4.
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In this chapter, we utilize our simulation method for spherically confined,
hydrodynamically interacting particles (developed in chapter 4) to study the
combined effects of confinement and crowding on the self and entrained mo-
tion of spherically confined particles. The stochastic technique discussed in sec-
tion 3.3 is utilized to determine both the self and entrained concentrated pair
mobility. This chapter is organized as follows. The self and entrained concen-
trated pair mobility along the line of centers between the particles is discussed
in section 6.1. In section 6.2, we discuss the behavior of the perpendicular com-
ponents of the concentrated pair mobility. We conclude the chapter with a dis-
cussion in section 6.3.
6.1 Entrainment along the line of centers
In colloidal dispersions with hydrodynamic interactions, a forced particle
will propagate a velocity disturbance which entrains other suspension parti-
cles. The motion of the entrained particles will, in turn, propagate disturbances
which alters the motion of all other particles. An infinite number of such re-
flected interactions propagate instantaneously throughout the fluid, the effect
of which is captured by the hydrodynamic mobility. To study the combined
effects of crowding and confinement on such interactions, we determine the
concentrated pair mobility in spherically confined suspensions. We begin by
projecting the concentrated pair mobility in the spherically confined domain
along the particle line of centers utilizing equation 6.1. This component is then
studied as a function of inter-particle separation distance, while maintaining
both particles at the same distance to the cavity wall. Figure 6.1(a) illustrates










   x






0 3 4 5 6 7 8 9














Figure 6.1: Self and entrained concentrated pair mobility along the line of
centers for spherically confined particles in a dilute suspension
as a function of particle separation distance for particles close
to the cavity center. The dashed and solid lines correspond
to the self and entrained pair mobility for a pair of unbound
particles as determined by Jeffrey and Onishi (1984) [82].
separation distance from left to right, while maintaining the same distance to
the cavity wall.
In figure 6.1(b) the concentrated mobility along the line of center between
the particles is plotted as a function of inter-particle separation for particles that
are 1/20 the cavity size. The interacting pair is located near the center, at a nor-
malized distance of y/R = 0.2375. The solid and dashed lines represent the self
120
and entrainment mobility obtained from the dilute theory for a pair of particles
in an unbound domain. The dashed-dotted line represents the leading order
entrainment mobility obtained from the velocity field Green’s function in spher-
ical confinement, and the solid gray line represents a decay with inter-particle
separation distance that scales as 1/r3. Filled and open symbols represent the
concentrated mobility obtained from simulations of a spherically confined sus-
pension at a volume fraction of φ = 0.05. The presence of the confining bound-
ary leads to hindrance of both self, and entrained motion, as evidenced by the
lower magnitude of the concentrated pair mobility in the confined domain as
compared to the mobility for particles in an unbound domain. Self motion in
the confined domain displays a dependence on inter-particle separation that is
qualitatively similar to that of unbound suspensions. However, confinement
is clearly shown to result in a faster decay of particle entrainment with inter-
particle separation, meaning that hydrodynamic interactions are weakened by
confinement. Although hydrodynamic interactions are weakened by confine-
ment, no Brinkmann-like screening of hydrodynamic interactinos is observed,
given that the decay with inter-particle separation distance is slower than 1/r3
for all accessible particle separation distances in figure 6.1(b). Thus, we expect
the effect of many-body hydrodynamic interactions to strongly impact particle
motion of spherically confined particles immersed in a dilute suspension and
located near the cavity center. Next, we consider the effects of crowding on the
concentrated mobility of particles near the center of the cavity.
In figure 6.2, the concentrated pair mobility for particles in a spherically con-
fined domain is plotted for suspensions at varying concentrations, as shown
in the legend. The suspension contains particles that are 1/20 the cavity size,
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Figure 6.2: Self and entrained concentrated pair mobility along the line of
centers for spherically confined particles in suspension of vary-
ing concentrations as a function of particle separation distance.
The particles are close to the cavity center, and compared to the
dilute theory in the confined domain and a scaling of ∼ 1/r3.
y/R = 0.2375. Filled and open symbols represent the self and entrained mobility
of particles in the confined domain. As with figure 6.1, the dashed-dotted line is
the leading order entrainment mobility obtained from the velocity Green’s func-
tion in spherical confinement and the solid gray line represents a decay with
inter-particle separation that scales as 1/r3. In the confined domain, increasing
volume fractions leads only to an O(1) suppression of self and entrained motion,
and does not lead to any change in the decay of the hydrodynamic interactions
with inter-particle separation distance. As concentration increases, weak undu-
lations are observed in the pair and entrainment mobilites, a consequence of the
local liquid like structure of the suspension.
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Thus far we have considered particles near the cavity center, demonstrating
that for particles 1/20 the cavity size confinement exerts a qualitative influence
on particle mobility even for particles far from the cavity wall. We expect con-
finement to exert a stronger influence on an interacting pair that is closer to the
wall, i.e. farther from the cavity center.
In figures 6.3(a), 6.3(b), and 6.3(c), the concentrated mobility for a pair of
interacting particles located at y/R = 0.475, y/R = 0.7125, and y/R = 0.9025
are plotted as a function of particle separation distance. Solid and open sym-
bols correspond to the self and entrained mobility, respectively. Various volume
fractions are plotted as shown in legend. For particles at equal distance from
the wall, their maximum inter-particle separation distance is 2y/a. Meaning
that an interacting pair of particles at a radial position closer to the wall can
be found at larger inter-particle separation distances. At locations close to the
cavity wall, stronger confinement induced behaviors are observed. The cavity
wall further weakens particle entrainment, as evidenced by a faster decay of
the concentrated entrainment mobility with inter-particle separation than the
one observed in 6.2. For widely separated particles, the decay of hydrodynamic
entrainment scales as ∼ 1/r3 or faster. This means that Brinkman-like screen-
ing of hydrodynamic entrainment can be observed in the confined domain for
large interparticle distances. At large interparticle distances, the particles are
much closer to the wall than they are to each other, and hydrodynamic inter-
actions with the wall strongly hinder particle motion. Although interactions at
large distances can exhibit Brinkmann-like screening, it does not occur through-
out the domain, thus many-body hydrodynamic interactions remain important.
The self mobility in figure 6.3 decreases for very large particle separations, this
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Figure 6.3: Self and entrained concentrated pair mobility along the line
of centers for spherically confined particles in suspensions of
varying volume fractions as a function of particle separation
distance. Particles are at a radial position of (a)y/R = 0.475, (b)
y/R = 0.7125, and y/R = 0.9025.
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in the limit where the particles are far-apart and the direction along the particle
line of centers aligns with the direction along the particle-cavity line of centers.
Overall, crowding leads to an O(1) suppression of entrainment along the line
of centers between the particles, whereas confinement leads to a faster decay of
entrainment with particle separation distance. Brinkman-like screening is only
observed for widely separated particles near the cavity wall, which suggests
many-body hydrodynamic interactions are important to model particle motion.
Increasing particle size leads to similar qualitative behaviors with more pro-
nounced confinement induced effects, a discussion of such effects is found in
C.1. Next, we determine the combined effects of crowding and confinement on
the perpendicular concentrated pair mobility.
6.2 Entrainment perpendicular to the line of centers
In unbound suspensions, hydrodynamic interactions between an interacting
pair of particles is characterized by a slow 1/r decay for interactions along and
perpendicular to the line of centers between the particles. That is, the leading
order hydrodynamic interaction along and perpendicular to the line of centers
differ only by a scalar factor. Similar behavior arises in the pair interaction of
particles in concentrated suspensions [180]. In this section, we study the com-
bined effects of crowding and confinement on hydrodynamic entrainment per-
pendicular to the particle line of centers.
In figure 6.4(a) and 6.4(b) the concentrated pair mobility in the direction per-
pendicular to the particle line of centers, as given by equation 6.2, is plotted as a
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Figure 6.4: Self and entrained concentrated pair mobility perpendicular
the line of centers for spherically confined particles in (a) dilute
suspensions and (b) suspensions at varying volume fractions.
Particles are close to the cavity center.
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and entrained (open symbols) concentrated pair mobility in a dilute suspension
inside the spherical cavity is compared with the self (dashed line) and entrained
(solid line) mobility obtained from the dilute theory for a pair of particles in
an unbound domain, and the leading order entrained mobility (dashed-dotted
line) obtained from the velocity field Green’s function in spherical confinement.
The particles in the suspension are 1/20 the cavity size and are located near the
cavity center, at a radial position of y/R = 0.2375. As show in the figure, both self
and entrained motion are hindered by the presence of the confining boundary.
The decay of hydrodynamic interactions with particle separation distance along
this direction is faster as compared to that of a pair of unbound particles (solid
black line) and that of entrainment along their line of centers (cf. figure 6.1). For
widely separated particles, the leading order entrainment mobility based on
the spherically confined Green’s function predicts a sign change of the mobility,
shown in this log-log plot as a dip in the mobility at a separation distance of
r/a ∼ 7. However, due to the small magnitude of the mobility at locations close
to r/a ∼ 7, poor ‘signal-to-noise’ ratio does not allow us to conclude whether
the concentrate pair mobility follows this trend. The small magnitude of the
mobility, combined with poor sampling near the cavity center due to the small
volume of bins near the center, leads to a poor ‘singal-to-noise’ ratio for widely
separated particles near the cavity center. As will be shown in figure 6.2, where
the interacting pair is far from the center and thus better sampling is obtained,
the presence of the confining boundary does lead to a change in sign of the
concentrated pair mobility along the perpendicular direction. This change in
sign is in turn predicted by the spherically confined Green’s function. This sug-
gests that in figure 6.4(b), the sign change does occur in the concentrated pair
mobilities, but is not discernible due to the numerical difficulties at this posi-
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tion. As with the mobility along the line of centers, crowding does not cause a
change in the decay of particle entrainment along the perpendicular direction
with particle separation distance, it only leads to an O(1) suppression of particle
entrainment. Having demonstrated the effects of crowding and confinement on
particles near the cavity center, we consider now such effects for particles closer
to the cavity wall.
In figure 6.5(a), 6.5(b), and 6.5(c), the concentrated pair mobility perpendic-
ular to the particle line of centers is plotted as a function of particle separa-
tion distance for particles at a radial position of y/R = 0.475, y/R = 0.7125, and
y/R = 0.9025, respectively. As with figure 6.4, particles are 1/20 the cavity size,
and various volume fractions are plotted as shown in the legend. The dashed-
dotted line is the leading order entrained mobility as given by the Green’s func-
tion in spherical confinement at the specified position. As with entrainment par-
allel to the particle line of centers, proximity to the wall leads to a faster decay
of entrainment with particle separation distance as compared to the mobility of
particles near the center. Perhaps more interesting is that the concentrated pair
mobility perpendicular to the particle line of centers undergoes a sign change at
a particle separation distance that is dependent on the radial position of the par-
ticles. For particles close together (far left of the horizonthal axis in figure 6.5)
an entrained particle will move in the same direction as the forced particle be-
cause the disturbance flow propagated by the forced particle moves in the same
direction. This behavior is qualitatively similar to that of particle in an unbound
domain. However, inside the spherical cavity, there must be regions where the
velocity field propagated by the forced particle travels in the opposite direction,
i.e. regions of flow recirculation must be present in order to satisfy conservation
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Figure 6.5: Self and entrained concentrated pair mobility perpendicular
to the line of centers for spherically confined particles in sus-
pensions of varying volume fractions as a function of parti-
cle separation distance. Particles are at a radial position of
(a)y/R = 0.475, (b) y/R = 0.7125, and y/R = 0.9025.
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ity, and can then move in a direction opposite that of the forced particle as they
are entrained. The location of regions of flow recirculation varies with the radial
position of the forced particle inside the spherical cavity (cf. figure 4.4), whicn
in turn causes the particle separation at which the concentrated perpendicular
mobility changes sign to change with proximity to the cavity wall. The sepa-
ration distance at which the sign change occurs can be predicted by utilizing
the leading order entrainment obtained from the Green’s function in spherical
confinement when the particle pair is not too close to the cavity wall, e.g. radial
positions y/R = 0.475 and y/R = 0.97125 in figures 6.5(a) and 6.5(b), respectively.
For particles very close to the wall, e.g. the radial position of y/R = 0.9025 in fig-
ure 6.5(c), the leading order entrainment obtained from the spherically confined
Green’s function predicts a negative mobility at wide separations, but not a sign
change for particles that are close together. A failure to predict the behavior for
particles that are both close together and close to the cavity wall is expected.
This is because the Green’s function approximation is most accurate in the limit
where particle disturbances are felt by each other and by the cavity as point,
i.e. at locations where particles are widely separated and near the center of the
cavity.
Overall, as with entrainment along the particle line of centers, crowding
leads to an O(1) suppression of particle entrainment in the direction perpen-
dicular to the particle line of centers. However, 3D confinement exerts a pro-
nounced influence on particle entrainment in the perpendicular direction. Con-
finement leads to a faster decay of perpendicular hydrodynamic entrainment
with particle separation distance. Confinement also leads to a reversal of parti-
cle entrainment as particles become widely separated, a consequence of regions
of recirculating flow inside the spherical cavity.
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6.3 Conclusions
We have studied the combined effects of crowding and confinement on the
hydrodynamic entrainment of particles in spherically confined suspensions. It
was shown that confinement induces a faster decay of hydrodynamic entrain-
ment along the line of centers between the particles, and that the faster de-
cay varies with the position of the interacting pair inside the spherical cavity.
Crowding only leads to an O(1) suppression of entrainment along this direc-
tion. Although entrainment along the line of centers in the confined domain has
a decay faster than 1/r, in general this weakening does not induce a Brinkmann-
like screening of hydrodynamic interactions (i.e. the decay is slower than 1/r3).
Only particles that are both widely separated and near the cavity wall exhibit a
Brinkmann-like screening, with hydrodynamic entrainment decaying as 1/r3 or
faster.
As with entrainment along the particle line of centers, crowding only leads
to an O(1) suppression of entrainment in the perpendicular direction. Confine-
ment induces a sign change in the concentrated pair mobility along the perpen-
dicular direction, and the particle separation distance at which the sign change
occurs depends on the distance of the particle pair to the cavity center. This
behavior is a consequence of regions of recirculating flow inside the spherical
cavity, resulting in a reversal of particle motion.
Since crowding results only in an O(1) suppression of entrainment, the decay
of the entrainment mobility with particle separation distance is also well pre-
dicted by the leading order entrainment obtained from the velocity field Green’s
function in spherical confinement. This suggests that in a confined domain,
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methods which aim to infer properties from particle correlations should account
for the effect of confinement. For example, in two-point microrheology[41], the
rheological properties of a material are inferred by tracking the motion of a pair
of particles and utilizing it to determine particle correlations as a function of
their separation distance and lag time interval. The dependence of the corre-
lations on particle separation distance is assumed to follow the velocity field
Green’s function of a particle in an unbound domain. This permits the definition
of a constant effective mean square displacement by scaling correlations on the
unbound Green’s function. The constant effective mean-square displacement
is then utilized in the Generalized Stokes-Einstein relation to infer rheological
properties of the material. This method has been utilized to infer rheological
properties in the interior of cells[67], which are confined by a cell membrane.
However, the results presented here suggest that in these microconfined sys-
tems, care must be taken when considering widely separated particles inside of
a cell, as the dependence of particle correlations on particle separation distance
will be given by the confined Green’s function. This effect should be accounted
for in such experiments.
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APPENDIX A
CHAPTER 4 APPENDIX: CAVITY CONTRIBUTION TO THE GRAND
MOBILITY MATRIX
In this appendix we list the contribution of the spherical cavity to all of
the components of the grand mobility matrix required to carry out simulations
of hydrodynamically interacting particles confined inside a spherical no-slip
boundary. Note that the mobilities corresponding to the diagonal and upper
blocks of the grand mobility matrix (UF, UL, US , ΩL, ΩS , ES ) are listed since
the remaining terms may be obtained by an appropriate transposition.
A.1 Self-Mobilities
The far-field self-mobilities of a particle inside a spherical cavity are listed
for all the components of the grand mobility matrix. y is the magnitude of the
position vector of the particle in a coordinate system whose origin lies at the
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A.2 Entraiment Mobilities
The far-field entrainment mobilities for particles inside a spherical cavity
are listed for all of the components of the grand mobility matrix. Here ζ =
y−1
√
1 − 2bxy + y2, where ζ is the distance of the entrained particle to the image
point of the forced particle.
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(3(−6 + 2y2 − 4bxy(−5 + y2) − (1 + b2)x4y2(−1 + 3y2) + 4bx3y(−2 + b2
135
+ 5y2) − x2(−4 + 9y2 + y4 + b2(2 + 19y2 − 3y4))))/(8y5ζ5)
− (3(4b3x2y2 + b2xy(3 − 5y2 + x2(−5 + 3y2)) + xy(6 − 4y2 + 3x4y2(−1 + y2)
+ x2(−4 + 9y2 − 3y4)) + b(3(−1 + y2) − 9x4y2(−1 + y2) + x2(3 − 16y2
+ 9y4))))/(8(−1 + b2)xy4ζ3) + (9b(−1 + x2)(−1 + y2)(−1 + 2bxy





(3(4b5x4y2(−1 + 2(−2 + x2)y2 + y4) + b4x3y(2 + (34 − 7x2)y2 + (−7 − 2x2+
x4)y4 + 3x2y6) + 2b3x2y2(−14 + 3y2 − 3x4y2 + x2(7 − 2y2
+ y4)) − xy3(2 + x8y4 + 2x2(−12 + 7y2) + x6y2(5 − 2y2 + y4) + x4(14 − 6y2
+ 3y4)) − b2xy(−14 + 5y2 + 17x6y4 + x2(9 − 12y2 + 14y4) + x4y2(14 − 38y2 + 21y4))
+ b(−2 + y2 + 7x8y6 + x6y4(33 − 14y2 + 7y4) + x2(1 − 14y2 + 15y4)
+ x4y2(11 − 50y2 + 29y4))))/(8(−1 + b2)xy8ζ7) + (3b(−2 + x2





(−10 + 81x2y2 − 48x4y4 − 32b4x4y4 + x6y6 − 3b2x2y2(21 − 46x2y2
+ x4y4) + 4bxy(5 − 36x2y2 + 9x4y4) + b3(72x3y3 − 48x5y5))/(8y9ζ9)+
(24b3x4y4 + b2(3xy − 42x3y3 − 17x5y5) − xy(10 − 7x2y2
+ 4x4y4 + x6y6) + b(1 + 21x2y2 + 11x4y4 + 7x6y6))/(8(−1 + b2)xy8ζ7)







− (9(−1 + x2)(−1 + y2))/(8(1 − b2)1/2xy) − (3(3(−1 + y2) − 15bxy(−1
+ y2) − 15b2x6y4(−1 + y2) + 3bx7y5(−1 + y2) + x2(3 − (5 + 28b2)y2
+ 30b2y4) + bx5y3(−7 + 12y2 − 3y4 + b2(−23 + 21y2)) + x4y2(4b4 − 2y2
+ b2(26 − 43y2 + 15y4)) − bx3y(13 − 28y2 + 9y4 + b2(2 − 17y2





− (3(−2 + x2 + y2))/(8(1 − b2)1/2xy) + (3(−2 + y2
+ 7b2x8y6 − bx9y7 − 7bxy(−2 + y2) − bx7y5(4 + 17b2 − 2y2 + y4) + b2x6y4(11 + 24b2
− 14y2 + 7y4) + x2(1 + (14 − 56b2)y2 + (−9 + 30b2)y4) + bx5y3(14 + 8y2 − 2y4
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+ b2(−49 + 34y2 − 19y4)) + x4y2(−9 − 4y2 + b2(26 − 18y2 + 7y4) + 4b4(1
− 12y2 + 7y4)) − bx3y(5 + 16y2 − 14y4 + b2(2 − 86y2





− (1)/(8(1 − b2)1/2xy) + (1 − 48x2y2 + 81x4y4 − 96b5x5y5 − 10x6y6+
8b4x4y4(27 + 2x2y2) − 3b3x3y3(63 − 26x2y2 + 11x4y4)
+ 3b2x2y2(28 − 57x2y2 + 26x4y4 + 3x6y6) − bxy(9 − 105x2y2 + 108x4y4







(3(1 − b2)1/2x(4b2x2y + bx(−2 + (−7 + x2)y2 − 3(−1 + x2)y4)





− (3x(4b4x2y(−1 + 2(−2 + x2)y2 + y4) − bx(2 + (26 − 7x2)y2 + (−7 − 2x2
+ x4)y4 + 3x2y6) + b3x(2 + (26 − 7x2)y2 + (−7 − 2x2 + x4)y4 + 3x2y6)
+ b2y(−14 + 5y2 − 13x4y2 + x2(9 + 22y2 − 9y4)) + y(14 − 5y2 + 5x4y2





(x(32b5x3y3 + 24b4x2y2(−3 + 2x2y2) + b2(−35
+ 162x2y2 − 63x4y4) − 3bxy(21 − 38x2y2 + x4y4) + b3xy(63 − 146x2y2 + 3x4y4) + 5(7







− (9b(−1 + x2)(−1 + y2))/(4(−1 + b2)xy) − (3(4b5x4y2 + b4x3y(−2
+ (21 − 23x2)y2 + 21(−1 + x2)y4) + x3y(−2 + (6 − 8x2)y2 − 3(2 − 3x2 + x4)y4
+ 3x2(−1 + x2)y6) + b3x2y2(45(−1 + y2) − 15x4y2(−1 + y2) + x2(37
− 60y2 + 15y4)) + b(6(−1 + y2) − 15x6y4(−1 + y2) + 3x2(2 − 7y2 + 5y4) + x4y2(19
− 30y2 + 15y4)) + b2xy(−30(−1 + y2) + 3x6y4(−1 + y2) + x2(−26 + 63y2





(3(4b5x4y2(1 + 6(−2 + x2)y2 + 7y4) − b4x3y(2 + (−94 + 49x2)y2
+ (49 − 34x2 + 17x4)y4 + 19x2y6) − x3y(2 + 2(−12 + 7x2)y2 + (14 − 6x2
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+ 3x4)y4 + x2(5 − 2x2 + x4)y6 + x4y8) + b3x2y2(7x6y4 + 35(−2 + y2)
+ x4y2(22 − 14y2 + 7y4) + x2(27 − 44y2 + 14y4)) − b2xy(x8y6 + 14(−2 + y2) + x6y4(22
− 2y2 + y4) + x2(10 − 22y2 + 7y4) + x4y2(7 − 44y2 + 18y4)) + b(7x8y6 + 2(−2
+ y2) + x2(2 − 14y2 + 7y4) + x6y4(24 − 14y2 + 7y4) + x4y2(11 − 48y2
+ 28y4))))/(8(−1 + b2)xy8ζ7) + (3b(−2 + x2 + y2)(−1 + 2bxy





(b)/(4xy − 4b2xy) + (−96b6x5y5 + 8b5x4y4(27
+ 2x2y2) − 3b4x3y3(63 − 18x2y2 + 11x4y4) − x3y3(84 − 51x2y2 + 6x4y4
+ x6y6) + b3x2y2(63 − 117x2y2 + 157x4y4 + 9x6y6) − b2xy(18 − 105x2y2
+ 261x4y4 + 33x6y6 + x8y8) + b(2 + 9x2y2 + 153x4y4 − 5x6y6







(3(4b3x2y2 + b2xy(3 − 5y2 + x2(−5 + 3y2)) + xy(6 − 4y2 + 3x4y2(−1 + y2)+
x2(−4 + 9y2 − 3y4)) + b(3(−1 + y2) − 9x4y2(−1 + y2) + x2(3 − 16y2
+ 9y4))))/(8(−1 + b2)xy4ζ3) − (9b(−1 + x2)(−1 + y2)(−1 + 2bxy





(3b(−2 + x2 + y2))/(8(−1 + b2)xy) + (8b3x2y2 + xy(3x6y4 + 4(−5 + 3y2)
+ 3x4y2(3 − 2y2 + y4) + x2(12 − 14y2 + 9y4)) + b2xy(−10 + 3y2 + 21x4y2
+ x2(3 − 46y2 + 21y4)) − b(15x6y4 + 3(−2 + y2) + 15x4y2(2 − 2y2 + y4)





(−24b3x4y4 + b2xy(−3 + 42x2y2 + 17x4y4) + xy(10 − 7x2y2 + 4x4y4
+ x6y6) − b(1 + 21x2y2 + 11x4y4 + 7x6y6))/(8(−1 + b2)xy8ζ7)





1 yˆi(yˆn · ns j · yˆ⊥j ) + MUL,c2 yˆ⊥i (yˆn · ns j · yˆ⊥j )+
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(9(−1 + x2))/(8(1 − b2)1/2x) + (9(−1 + x2)(−1 + x2y2
+ 8b3x3y3 − b2x2y2(11 + 5x2y2) + bxy(5 + 2x2y2
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+ b2(−35x2y2 + 2x4y4 − 7x6y6) + bxy(7 − 21x2y2 + 5x4y4







(9b(−1 + x2))/(4(−1 + b2)x) + (9(−1 + x2)(8b4x3y3 − 5b3x2y2(3
+ x2y2) + x3y3(3 + x2y2) + b2xy(10 + 9x2y2 + x4y4) − b(2 + 5x2y2





(3(−32b5x4y4 + 8b4x3y3(7 + 2x2y2) + x3y3(21 + 2x2y2
+ x4y4) − b3x2y2(35 + 6x2y2 + 7x4y4) + b2xy(14 − 7x2y2 + 24x4y4
+ x6y6) − b(2 + 7x2y2 + 32x4y4 + 7x6y6)))/(8(−1 + b2)xy7ζ7)







− (3(2b3x2 + b2(4xy − 6x3y) + b(−3 + 9x4y2 + x2(1 − 9y2)) + xy(5 − 3x4y2
+ 3x2(−1 + y2))))/(8(−1 + b2)xy3ζ3) − (9b(−1 + x2)(−1





(3b)/(8(−1 + b2)x) + (3(8b2x3y3 + xy(5 + 2x2y2 + x4y4) − b(1 + 10x2y2
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(9(4b6x5y3 + b5x4y2(−2 + (−25 + 11x2)y2 − 13(−1 + x2)y4)
+ b4x3y3(70 − 36y2 + 19x4y2(−1 + y2) + x2(−68 + 73y2 − 19y4)) + x3y5(2
+ x6y2(−3 + y2) − 4x2(−1 + y2) − x4(8 − 5y2 + y4)) + b(−7x8y6(−3 + y2)
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+ 2(−2 + y2) + 2x2(2 − 8y2 + 3y4) + 2x4y2(7 − 15y2 + 5y4) + x6y4(30 − 21y2
+ 7y4)) + b3x2y2(−70 + 36y2 − 7x6y4(−1 + y2) + x4y2(99 − 64y2 + 7y4) + x2(72
− 127y2 + 47y4)) + b2xy(−14(−2 + y2) + x8y6(−1 + y2) − x6y4(57 − 22y2
+ y4) − 4x2(7 − 21y2 + 9y4) + x4(−76y2 + 77y4 − 19y6))))/(8(−1





(3b(−16 + 6x2 + 5y2))/(20(−1 + b2)xy2) + (3(4b6x5y3(−15 + 18(−8
+ 3x2)y2 + 65y4) + b5x4y2(30 + (1496 − 351x2)y2 + (−585
+ 776x2 − 291x4)y4 − 435x2y6) + x3y5(−70 + 9x8y4 + x2(−624 + 290y2) + x6y2(63 − 24y2
+ 5y4) + x4(264 − 88y2 + 15y4)) + b2xy(−288 + 90y2 + 3x10y8
+ x8y6(288 − 8y2 + 5y4) − 3x4y2(−168 + 360y2 + 5y4) + 2x2(54 − 552y2
+ 185y4) + x6y4(645 − 848y2 + 210y4)) − b(−32 + 10y2 + 81x10y8 + 4x2(3 − 36y2
+ 5y4) + 3x8y6(187 − 72y2 + 15y4) + 6x4y2(9 − 152y2 + 30y4) + x6y4(432
− 1096y2 + 365y4)) − b3x2y2(27x8y6 + 4(−252 + 85y2) + 3x6y4(52 − 24y2
+ 15y4) + x4y2(729 − 816y2 + 40y4) + x2(408 − 1624y2 + 495y4)) + b4x3y3(81x6y4
+ 36(−44 + 15y2) + 9x4y2(43 − 24y2 + 15y4) + x2(564 − 1752y2





(3(−288b7x6y6 + 8b6x5y5(99 + 34x2y2) + b5x4y4(−891 − 454x2y2
+ 161x4y4) + 3x5y5(286 − 127x2y2 + 8x4y4 + x6y6) + 3b4x3y3(126
+ 77x2y2 − 104x4y4 + 21x6y6) − b3x2y2(198 − 363x2y2 + 39x4y4
+ 915x6y6 + 11x8y8) + b2xy(44 + 282x2y2 − 33x4y4 + 1741x6y6
+ 133x8y8 + x10y10) − b(4 + 22x2y2 + 792x4y4 + 1067x6y6 − 94x8y8
+ 33x10y10)))/(40(−1 + b2)xy13ζ11) − (3b(−1 + 2bxy







(9b2(−1 + x2)(−1 + y2))/(4(1 − b2)3/2xy2)
+ (3(1 − b2)1/2x(5 − 9y2 + 3bx5y3(−1 + y2) + bx(y + 15y3) + bx3y(3 + 12b2 + 4y2
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− 3y4) + x4y2(12 − 10y2 + 3b2(−5 + 3y2)) − x2(3 + 5y2 − 6y4 + b2(6 + 7y2
+ 9y4))))/(8y7ζ7) + (3(x2y2(−5 + 3y2 + x2(3 − 5y2)) + 4b5x3y3(7 − 6y2 + 6x2(−1
+ y2)) + b3xy(−30(−1 + y2) + 3x6y4(−1 + y2) + x2(−30
+ 49y2 − 27y4) − 3x4y2(9 − 10y2 + y4)) + bx3y3(13 − 9y2 + 3x4y2(−1 + y2) − 3x2(3 − 4y2
+ y4)) + b4x2y2(−50 + 48y2 − 15x4y2(−1 + y2) + x2(48 − 65y2 + 15y4))
+ b2(6(−1 + y2) − 15x6y4(−1 + y2) + x2(6 − 11y2 + 9y4) + x4y2(9 − 20y2





(3b2(−8 + 3x2 + 5y2))/(20(1 − b2)3/2xy2) + (3(4b7x5y3(−15 + 18(−8+
3x2)y2 + 65y4) + b6x4y2(30 + (1336 − 351x2)y2 + (−585
+ 776x2 − 291x4)y4 − 435x2y6) + 5x2y4(10 + 15x6y2 + x2(88 − 45y2)
+ 3x4(−9 − 8y2 + 5y4)) − b4x2y2(−504 + 265y2 + 27x8y6 + 2x4y2(189
+ 80y2) + 9x6y4(−10 − 8y2 + 5y4) + 3x2(83 − 96y2 + 210y4)) + bx3y3(141x4y2 + 3x8y6
+ 8(−48 + 5y2) + x6y6(−8 + 5y2) + x2(84 − 696y2 + 335y4)) + b5x3y3(−1224
+ 565y2 + 81x6y4 + 3x4y2(92 − 72y2 + 45y4) + x2(519 − 1056y2 + 760y4))
+ b3xy(3x10y8 + 18(−8 + 5y2) + x8y6(135 − 8y2 + 5y4) + 3x6y4(41 − 120y2
+ 75y4) + x2(54 + 264y2 + 235y4) + x4(−39y2 + 312y4 − 95y6))
+ b2(16 − 10y2 − 27x10y8 + x2(−6 + 72y2 − 145y4) − 9x8y6(42 − 8y2 + 5y4) + 3x4(y2 − 16y4





(3b2)/(20(1 − b2)3/2xy2) − (3(1 − b2)1/2x(−35
+ 550x2y2 − 615x4y4 + 32b4x4y4 + 60x6y6 − 8b3x3y3(11 + 26x2y2)
+ b2(99x2y2 + 558x4y4 − 201x6y6) − bxy(119 + 627x2y2 − 603x4y4
+ 9x6y6)))/(40y11ζ11) + (3(128b7x5y5 + 32b6x4y4(−9 + x2y2) − 5x2y2(7
− 18x2y2 + 3x4y4) + 4b5x3y3(63 − 58x2y2 + 9x4y4) + bx3y3(147
− 165x2y2 + 9x4y4 + x6y6) − b4x2y2(98 − 351x2y2 + 268x4y4 + 9x6y6)
+ b2(−2 + 61x2y2 − 405x4y4 + 83x6y6 − 9x8y8) + b3xy(18 − 231x2y2
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− (9(4b6x5y3 + b5x4y2(−2 + (31 − 37x2)y2 + 35(−1 + x2)y4) + x3y3(−8+
10y2 − 2x6y4(−1 + y2) + x4y2(7 − 9y2 + 2y4) + x2(10 − 15y2 + 7y4))
+ b4x3y3(−78 + 80y2 − 35x4y2(−1 + y2) + x2(72 − 113y2 + 35y4))
+ 2b3x2y2(−35(−1 + y2) + 7x6y4(−1 + y2) + x2(−33 + 74y2 − 35y4)
+ x4(−33y2 + 42y4 − 7y6)) + b(4 − 4y2 + 14x8y6(−1 + y2) − 2x2(2 − 9y2 + 7y4)
+ x4(−16y2 + 45y4 − 35y6) + x6(−37y4 + 49y6 − 14y8)) + 2b2xy(14(−1 + y2) + x6y4(21
− 22y2 + y4) + 3x4y2(9 − 16y2 + 7y4) + x2(14 − 41y2 + 25y4) + x8(y6
− y8))))/(8(−1 + b2)xy9ζ7) − (9b(−1 + x2)(−1 + y2)(−1 + 2bxy





(3b(−8 + 3x2 + 5y2))/(10(−1 + b2)xy2) + (3(20b6x5y3(3 + 6(−8 + 3x2)y2+
35y4) − 5b5x4y2(6 + 3(−152 + 63x2)y2 + (315 − 152x2 + 57x4)y4
+ 105x2y6) + x3y3(−480 + 350y2 + 6x8y6 + x6y4(27 − 16y2 + 10y4)
+ 3x4y2(7 − 24y2 + 15y4) + x2(210 + 24y2 + 35y4)) − b(54x10y8 + 4(−8
+ 5y2) + 6x2(2 − 24y2 + 15y4) + 3x8y6(53 − 48y2 + 30y4) + 3x4y2(28 − 424y2
+ 315y4) + x6y4(567 − 424y2 + 315y4)) + 2b2xy(3x10y8 + 18(−8 + 5y2)
+ x2(54 − 24y2 − 35y4) + x8y6(108 − 8y2 + 5y4) + 12x6y4(29 − 24y2 + 15y4) + 9x4(y2
− 112y4 + 70y6)) + b4x3y3(189x6y4 + 40(−54 + 35y2) + 15x2(48 − 72y2
+ 35y4) + x4(435y2 − 504y4 + 315y6)) − 2b3x2y2(27x8y6 + 63(−8 + 5y2)
− 3x2(−53 + 80y2) + 3x6y4(94 − 24y2 + 15y4) + x4(−752y4





− (3(480b7x6y6 + 40b6x5y5(−33 + 2x2y2) + b5x4y4(1485 − 790x2y2+
281x4y4) − b4x3y3(882 − 1485x2y2 + 1504x4y4
+ 99x6y6) − x3y3(420 − 693x2y2 + 156x4y4 + 11x6y6 + 2x8y8) + 2b3x2y2(99
− 561x2y2 + 1456x4y4 + 115x6y6 + 11x8y8) − 2b2xy(22 − 321x2y2
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+ 1353x4y4 − 130x6y6 + 55x8y8 + x10y10) + b(4 + 22x2y2 + 957x4y4 − 754x6y6
+ 149x8y8 + 22x10y10)))/(40(−1 + b2)xy13ζ11) − (3b(−1







− (9(2 − 2y2 + 4b7x5y3 + 2x6y4 + x4y2(−5 + 7y2) + x2(−2 + 9y2 − 7y4)
+ b6x4y2(−2 + (35 − 37x2)y2 + 35(−1 + x2)y4) + b4x2y2(−105(−1 + y2)
+ 14x6y4(−1 + y2) + x2(−99 + 245y2 − 140y4) − 2x4y2(67 − 77y2 + 7y4))
+ bxy(14(−1 + y2) − 6x8y6(−1 + y2) + 3x6y4(7 − 9y2 + 2y4) + 7x2(2 − 7y2
+ 5y4) + x4y2(31 − 56y2 + 21y4)) − 2b3xy(−21(−1 + y2) + x8y6(−1
+ y2) − x6y4(56 − 57y2 + y4) − 7x2(3 − 13y2 + 10y4) − 2x4y2(38 − 63y2
+ 28y4)) + b5x3y3(105(−1 + y2) − 35x4y2(−1 + y2) + x2(93 − 140y2 + 35y4))
+ b2(6 − 6y2 + 42x8y6(−1 + y2) + x2(−6 + 62y2 − 56y4) − 3x6y4(37 − 49y2 + 14y4)
+ x4(−62y2 + 161y4 − 105y6))))/(8(1 − b2)3/2xy9ζ7) − (9(1 + 3b2)(−1





(3(1 + 3b2)(−8 + 3x2 + 5y2))/(20(1 − b2)3/2xy2)
+ (3(16 − 10y2 − 30x8y6 + x6y4(189 + 80y2) + x2(−6 + 72y2 − 45y4)
+ 20b7x5y3(3 + 6(−8 + 3x2)y2 + 35y4) + x4y2(3 − 424y2 + 315y4) − 5b6x4y2(6 + (−488
+ 189x2)y2 + (315 − 152x2 + 57x4)y4 + 105x2y6) + 3b5x3y3(63x6y4 + 105(−8
+ 5y2) + 3x4y2(90 − 56y2 + 35y4) + 5x2(51 − 144y2 + 70y4)) + 2b3xy(3x10y8
+ 27(−8 + 5y2) + x8y6(297 − 8y2 + 5y4) + 9x6y4(102 − 88y2 + 55y4) + 3x2(27
− 392y2 + 245y4) + 3x4y2(177 − 816y2 + 560y4)) − 3b4x2y2(18x8y6 + 63(−8
+ 5y2) + 6x6y4(68 − 8y2 + 5y4) + x2(159 − 920y2 + 525y4) + x4y2(315
− 1088y2 + 630y4)) − 3b2(54x10y8 + 2(−8 + 5y2) + 6x2(1 − 40y2 + 25y4)
+ 3x8y6(53 − 48y2 + 30y4) + x6y4(441 − 424y2 + 315y4) + x4y2(120 − 1096y2
+ 735y4)) + bxy(18x10y8 + 18(−8 + 5y2) + 3x8y6(27 − 16y2 + 10y4) + 9x6y4(2
− 24y2 + 15y4) + 9x2(6 − 56y2 + 35y4)
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− (3(2 + 11x2y2 − 594x4y4 + 607x6y6 + 480b8x6y6 − 50x8y8
+ 40b7x5y5(−33 + 2x2y2) + b6x4y4(1485 − 430x2y2
+ 281x4y4) − 3b5x3y3(231 − 165x2y2 + 773x4y4 + 33x6y6) + b4x2y2(297 − 528x2y2
+ 4647x4y4 + 642x6y6 + 22x8y8) − 2b3xy(33 + 264x2y2 + 1749x4y4 − 21x6y6
+ 154x8y8 + x10y10) − bxy(22 + 99x2y2 − 627x4y4 + 443x6y6
+ 33x8y8 + 6x10y10) + 3b2(2 + 44x2y2 + 759x4y4 − 536x6y6
+ 149x8y8 + 22x10y10)))/(40(1 − b2)3/2xy13ζ11) − (3(1







(9(−1 + x2)(−2 + (1 + b2)y2))/(8(1 − b2)3/2xy2) + (9(−2 + (1
+ b2)y2 − 7b2x8y6(−3 + b2 + 2y2) + bx9y7(−3 + b2 + 2y2) − 7bxy(−2 + (1
+ b2)y2) − 2bx3y(7 + (−19 − 25b2 + 2b4)y2 + (9 + 17b2 + 9b4)y4) + x2(2 − 4(2
+ 9b2)y2 + (5 + 18b2 + 19b4)y4) + 2bx7y5(−5 + 9b4 + 5y2 − y4 + b2(−25
+ 17y2)) + bx5y3(−27 + 4b6 + 36y2 + 8b4y2 − 7y4 + b2(−47 + 68y2 − 35y4)) − x6y4(y2
+ b6(13 + 5y2) + b4(−26 + 19y2) + b2(−57 + 59y2 − 14y4)) + x4y2(7
− 7y2 − y4 + b6(−2 + 3y2 + 5y4) + b4(4 − 27y2 + 24y4) + b2(33 − 81y2






(3(−16 + 6x2 + 5(1 + b2)y2))/(40(1 − b2)3/2xy2)−
(3(−16 + 5(1 + b2)y2 − 27b2(−3 + b2)x10y8 + 3b(−3 + b2)x11y9 − 9bxy(−16 + 5(1
+ b2)y2) + 3x2(2 − 24(1 + 7b2)y2 + 5(4 + 7b2 + 13b4)y4) − bx3y(54 + 24(−9
− 59b2 + 12b4)y2 + 5(29 + 89b2 + 50b4)y4) + bx9y7(−45 + 90b4 + 24y2 − 10y4
− b2(261 + 8y2)) + 3b2x8y6(68 − 79b4 − 72y2 + 30y4 + b2(179 + 24y2))
+ 3bx7y5(79 + 24b6 + 40y2 − 15y4 + b4(94 − 80y2) + b2(−449 + 232y2 − 105y4))
+ x4y2(27 + 424y2 − 270y4 + 3b4(20 − 288y2 + 75y4) + b6(−30 + 392y2
+ 225y4) + 3b2(53 − 656y2 + 360y4)) + x6y4(−189 − 80y2 + 25y4 + b6(−297 + 632y2
− 125y4) + 4b2(162 − 96y2 + 35y4) + 2b4(297 − 756y2 + 400y4)) − bx5y3(21
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+ 312y2 − 265y4 − 6b4(8 − 72y2 + 25y4) + 4b6(−15 + 48y2 + 25y4) + 3b2(197






(3(−2 − 11x2y2 + 594x4y4 − 607x6y6 + 96b8x6y6
+ 50x8y8 − 8b7x5y5(33 + 58x2y2) − 18b5x3y3(14 + 11x2y2 − 80x4y4
+ 3x6y6) + b4x4y4(−264 − 2961x2y2 + 54x4y4 + 11x6y6) + b6(297x4y4 + 802x6y6
− 35x8y8) + b3x3y3(735 + 2112x2y2 − 894x4y4 + 152x6y6 − x8y8)
− 3b2x2y2(33 + 429x2y2 − 582x4y4 + 133x6y6 + 11x8y8) + bxy(22 − 153x2y2
− 726x4y4 + 578x6y6 + 12x8y8







− (9(4b6x5y3 + b5x4y2(−2 + (7 − 13x2)y2 − 5(−1 + x2)y4)
+ b4x3y3(−31 − 5y2 + 18x4y2 + x2(25 − 11y2)) + x3y3(4 − 5y2 + x6y4 − x4y2(−4
+ y2) + x2(−2 + 3y2)) + b3x2y2(35 − 7x6y4 + x4y2(−44 + 17y2) + x2(−31
+ 56y2 − 10y4)) + b(2 − 7x8y6 + x6y4(−13 + 2y2) + x2(−2 + 7y2)
+ x4y2(−9 + 7y2 + 5y4)) + b2xy(−14 + x8y6 − x6y4(−20 + y2) + x4(43y2
− 34y4) + x2(14 − 43y2 + 10y4))))/(8(−1 + b2)xy9ζ7) + (9b(−1





(3b(−8 + 3x2))/(20(−1 + b2)xy2) + (3(4b6x5y3(15 + 6(−8
+ 3x2)y2 − 25y4) + b5x4y2(−30 + (552 − 297x2)y2 + (225 + 632x2 − 237x4)y4
− 125x2y6) + b4x3y3(−648 − 175y2 + 90x6y4 + x4(597y2 − 240y4) + 3x2(51
− 504y2 + 125y4)) + x3y3(192 − 175y2 + 3x8y6 − 6x4y2(−29 + 4y2) + x2(−42
− 384y2 + 175y4) + x6(9y4 − 8y6)) + b3x2y2(504 − 27x8y6 − 3x2(43
− 472y2 + 150y4) + x4y2(−351 + 248y2 + 250y4) + x6(−93y4 + 72y6)) + b(16
− 27x10y8 + 6x8y6(−29 + 12y2) + x2(−6 + 72y2) + 3x4y2(−19 + 16y2 + 75y4)
+ x6(−108y4 + 464y6 − 125y8)) + b2xy(−144 + 3x10y8 − 3x6y4(29
+ 104y2) − 9x4y2(−37 − 8y2 + 50y4) + x2(54 − 888y2 + 350y4) + x8(117y6
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(3(−96b7x6y6 + 8b6x5y5(33 + 58x2y2) + b5x4y4(−297 − 1162x2y2
+ 35x4y4) + b4x3y3(63 + 1188x2y2 − 625x4y4 + 54x6y6) + x3y3(−168
+ 792x2y2 − 291x4y4 + 10x6y6 + x8y8) − b3x2y2(99
+ 330x2y2 − 1226x4y4 + 466x6y6 + 11x8y8) + b2xy(22 + 435x2y2 − 1320x4y4
+ 1112x6y6 + 46x8y8 + x10y10) − b(2 + 11x2y2 + 33x4y4 + 892x6y6
− 101x8y8 + 11x10y10)))/(40(−1 + b2)xy13ζ11) − (3b(−1







− (9(1 + b2)(−1 + x2)(−1 + y2))/(8(1 − b2)3/2xy2) + (9(−1 + x2)(−1
+ y2)(1 + 5b4x2y2 − 5b3(xy + 3x3y3) − bxy(5 + 5x2y2 + 2x4y4) + b2(1





(3(−8 + 5y2 + 32b5x3y3 − x4y2(27 + 16y2) + x2(3
+ 56y2 − 45y4) − bxy(6x8y6 + x2(21 − 32y2) + 7(−8 + 5y2) + 7x4y4(−8 + 5y2) + x6y4(21
− 16y2 + 10y4)) + b4x2y2(−56 + 25y2 + 105x4y2 + x2(15 − 296y2 + 175y4))
+ b2(−8 + 5y2 + 42x8y6 + 7x6y4(15 − 16y2 + 10y4) + x4y2(138 − 248y2
+ 175y4) + x2(3 − 336y2 + 230y4)) − b3xy(105x6y4 + 7(−8 + 5y2) + 35x4y2(6 − 8y2
+ 5y4) + x2(21 − 496y2 + 350y4))))/(40(1 − b2)3/2xy9ζ7) + (3(1





− (3(1 + b2))/(40(1 − b2)3/2xy2) − (3(−1 + 48x2y2 − 81x4y4
+ 120b5x5y5 + 10x6y6 + b4(21x2y2 − 270x4y4 − 95x6y6) + 3b3xy(3
+ 63x2y2 + 25x4y4 + 21x6y6) + bxy(9 − 21x2y2 + 57x4y4 + 9x6y6 + 2x8y8)
− b2(1 + 141x2y2 − 99x4y4 + 83x6y6







(9b(−1 + x2))/(8(−1 + b2)xy2) + (9(−1 + x2)(b3x2y2(−5 + y2) + xy3(1
147
+ 2x2 + x4y2) + b2xy(5 + (−1 + 8x2)y2) − b(1 + 5x4y4 + x2y2(5






(3(32b4x3y3 + xy3(15 − 3x8y4 + x2(96 − 35y2) + 6x4(−7 + 4y2)
+ x6y2(−15 + 8y2)) + b3x2y2(−56 + 5y2 + 21x4y2 + x2(15 − 104y2
− 25y4)) + b2xy(56 − 15y2 − 48x6y4 + 9x4y2(−7 + 16y2) + x2(−21 + 152y2
+ 35y4)) + b(−8 + 21x8y6 + x2(3 − 112y2 − 5y4) + x4y2(48 − 176y2 + 25y4)
+ x6(84y4 − 56y6))))/(40(−1 + b2)xy9ζ7) + (3b(−8 + 3x2)(−1 + 2bxy





− (3b)/(40(−1 + b2)xy2) − (3(24b4x5y5
+ b3(21x2y2 − 54x4y4 − 79x6y6) + x3y3(84 − 51x2y2 + 6x4y4 + x6y6) + 3b2xy(3
+ 51x4y4 + 10x6y6) − b(1 + 57x2y2 + 72x4y4 + 5x6y6 + 9x8y8)))/(40(−1 + b2)xy11ζ9)
]
(A.10i)



























δn j) + M
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4 (δinyˆmyˆ j + δi jyˆmyˆn)+
MOS ,c5 (δinyˆ
⊥





























(9(4b6x3y3(−5 + y2) + b5x2y2(35 + (−7 + 25x2)y2
+ 11x2y4) − b2xy(−28 + (14 − 85x2)y2 + (43x2 − 44x4)y4 + x4(18 + x2)y6
+ x6y8) + b(−4 + (2 − 14x2)y2 − 45x4y4 + (11x4 − 21x6)y6 + 7x6y8)
+ x3y5(6 + x2(13 − 5y2) − x4y2(−3 + y2)) − b4xy(14 + x4y4(15 + 19y2) + x2y2(−5 + 37y2))
+ b3(2 + 7x2y2(−9 + 7y2) + x4(−50y4 + 48y6) + 7x6(y6







(9b(−2 + b2))/(20(1 − b2)3/2y2) − (9(40b6x5y5 + x5y5(143
+ 6x2y2 + 3x4y4) + b5(63x2y2 − 90x4y4 − 5x6y6) − 3b4xy(6 + 21x2y2
+ 13x6y6) + b3(2 − 117x2y2 + 117x4y4 − 11x6y6 + 9x8y8) − b(4 + 18x2y2
+ 279x4y4 + 152x6y6 + 27x8y8) + b2(36xy + 231x3y3 + 69x5y5







− (9(2 + (−1 + 7x2)y2 − x2(7 + 5x2)y4 + 4x4y6 + 4b5x3y3(−5 + 3y2)
+ b4x2y2(35 + (−21 + 65x2)y2 − 31x2y4) + b3xy(−14 + (7 − 100x2)y2
+ (46x2 − 70x4)y4 + 35x4y6) + bxy(−14 + (7 − 20x2)y2 − 2x2(−6 + 7x2)y4
+ (7x4 − 4x6)y6 + 2x6y8) − b2(−2 + (1 − 42x2)y2 + (14x2 − 80x4)y4 + (43x4
− 28x6)y6 + 14x6y8)))/(8(−1 + b2)y9ζ7) + (9(1 + b2)(−2 + y2)(−1





− (9(1 + b2))/(20(−1 + b2)y2) − (9(−2 − 9x2y2 + 108x4y4
+ 120b5x5y5 − 25x6y6 − b4x2y2(63 + 270x2y2 + 235x4y4) + 6b3xy(3
+ 63x2y2 + 65x4y4 + 21x6y6) + 2bxy(9 − 21x2y2 − 3x4y4 + 9x6y6 + 2x8y8)







(9(−1 + y2)(20b6x3y3 + x3y3(15 + 7x2y2 + 2x4y4) − 35b5(x2y2 + 3x4
y4) + b4xy(14 + 185x2y2 + 105x4y4) − b(6 + 21x2y2 + 35x4y4 + 14x6y6)−
2b3(1 + 56x2y2 + 70x4y4 + 21x6y6) + b2(42xy + 60x3y3 + 56x5y5 + 6x7y





− (9b(3 + b2))/(20(1 − b2)3/2y2) − (9(280b6x5y5
+ x3y3(105 − 28x2y2 + 9x4y4 + 2x6y6) − 63b5(x2y2 + 10x4y4 + 5x6y6)
+ 3b4xy(6 + 231x2y2 + 140x4y4 + 63x6y6) + 6b2xy(9 − 21x2y2 + 56x4y4
+ 15x6y6 + x8y8) − 3b(2 + 9x2y2 + 42x4y4 + 21x6y6 + 6x8y8) − 2b3(1 + 99x2y2








(9b2)/(8(−1 + b2)y2) + (9(−x2y4 + b4x2y2(−4 + y2) + bxy3(2 + 3x2





(9b(8b3x4y4 − x3y3(21 + 2x2y2 + x4y4) − b2xy(7 + 14x2y2
+ 19x4y4) + b(1 + 21x2y2 + 27x4y4 + 7x6y6)))/(40(−1 + b2)y9ζ7)







− (9b)/(8(1 − b2)1/2y2) − (9(b3x2y2(−4 + y2) + xy3(1 + 3x2
+ x4y2) + b2xy(5 + (−1 + 7x2)y2) − b(1 + 5x4y4 + x2y2(6





(9(−8b3x4y4 + x3y3(21 + 2x2y2 + x4y4) + b2xy(7 + 14x2y2
+ 19x4y4) − b(1 + 21x2y2 + 27x4y4







− (9b(1 + b2)(−1 + y2))/(8(1 − b2)3/2y2) + (9(−xy3 + b5x2y2(−4
+ 5y2) + b(−1 + (1 + x2)y2) + b4xy(5 + 3(−2 + 5x2)y2 − 15x2y4) + b2xy(5 + (−3
+ 5x2)y2 + x2(−5 + 2x2)y4 − 2x4y6) + b3(−1 + (1 − 17x2)y2 − 5x2(−3





(9b(1 − 14x2y2 + 5x4y4 + 40b4x4y4 − 7b3(xy + 10x3y3 + 5x5y5) − bxy(7+
7x4y4 + 2x6y6) + b2(1 + 56x2y2 + 25x4y4
+ 14x6y6)))/(40(1 − b2)3/2y9ζ7) + (9b(1 + b2)(−1







(9(1 + b2)(−1 + y2))/(8(−1 + b2)y2) + (9(1 − (1 + x2)y2
+ b4x2y2(4 − 5y2) + 5b3xy(−1 + y2)(1 + 3x2y2) + bxy(−1 + y2)(5 + 5x2y2 + 2x4y4)







(9(−1 + 14x2y2 − 5x4y4 − 40b4x4y4 + 7b3(xy + 10x3y3 + 5x5y5) + bxy(7+
7x4y4 + 2x6y6) − b2(1 + 56x2y2 + 25x4y4 + 14x6y6)))/(40(−1
+ b2)y9ζ7) − (9(1 + b2)(−1 + 2bxy − x2y2)3)/(40(−1 + b2)y8ζ6)
]
(A.11h)
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⊥
























































δimδn j) + M
ES ,c








(9(2b4x2(−2 + y2) − 2(−1 + x2)(−2 + y2) + b2(1 + y2 − 3x2(−1
+ y2))))/(4(−1 + b2)2x2y2) + (9(8 − 4y2 + 4b9x7y5(−18 + 13y2) − 2x2(4 − 20y2
+ 9y4) + x6y4(−63 + 49y2 + 10y4) + b8x6y4(312 + (−143 + 97x2)y2 − 3(5
+ 29x2)y4) + x4(−36y2 + 81y4 − 39y6) + b7x5y3(−418 + (209
− 507x2)y2 + (33 + 164x2 − 27x4)y4 + 3x2(13 + 9x2)y6) − b6x4y2(−252 − 6(−35
+ 66x2)y2 + (78 + 163x2 − 455x4)y4 + (17x2 + 50x4 − 9x6)y6 + 9(x4 + x6)y8)
− b4x2(−8 + (67 + 153x2)y2 + (63 − 339x2 + 720x4)y4 + 4x2(81 − 159x2
+ 106x4)y6 + (142x4 − 211x6 − 99x8)y8 + 27x6(−1 + x2)y10) + b5x3y(−72 + (141
151
+ 59x2)y2 + (107 − 23x2 + 54x4)y4 − 18x2(−8 + 5x2 + 20x4)y6 − x4(108 − 107x2
+ x4)y8 + (x6 + x8)y10) + bxy(36(−2 + y2) − 2x10y8(−9 + 5y2) + x8y6(81
− 57y2 + 8y4) + 8x2(9 − 36y2 + 16y4) + x6y4(273 − 254y2 + 33y4)
+ x4y2(252 − 403y2 + 147y4)) + b3xy(18(1 + y2) + x10y8(−11 + 3y2)
+ x8y6(522 − 299y2 − 3y4) + 4x6y4(252 − 211y2 + 63y4) + x2(54 − 411y2
+ 269y4) + x4y2(611 − 1043y2 + 432y4)) + b2(−2(1 + y2) + 18x10y8(−9 + 5y2) − 4x8y6(158
− 121y2 + 18y4) − 3x2(2 − 83y2 + 45y4) − 3x4y2(93 − 254y2 + 105y4)






− (9(288b10x8y6 − 4(−4 + y2) + x8y6(567 + 140y2 − 50y4) + x2(−8
+ 88y2 − 22y4) − 8b9x7y5(99 + (65 + 34x2)y2 − 15y4) + x6y4(−99 − 994y2
+ 481y4) + x4(−44y2 + 198y4 − 117y6) + b8x6y4(1136 + (890 + 481x2)y2
+ (−327 + 926x2 − 161x4)y4 − 393x2y6) − b7x5y3(910 + (150 + 979x2)y2
+ (−363 − 556x2 + 496x4)y4 + x2(−490 + 54x2 + 63x4)y6 − 27x4y8)
+ b6x4y2(396 + (−660 + 524x2)y2 + (−274 − 3218x2 + 2135x4)y4 + x2(−95 − 3728x2
+ 2198x4)y6 + x4(1228 + 22x2 + 11x4)y8 − 11x6y10) + b5x3y(−88 + (462
+ 269x2)y2 + (245 + 1698x2 − 55x4)y4 + (407x2 + 3312x4 − 2386x6)y6
+ (−1492x4 + 562x6 − 523x8)y8 − x6(89 + 2x2 + x4)y10 + x8y12) + b4x2(8
− 11(18 + 23x2)y2 + (−99 + 1782x2 − 2047x4)y4 + (−1021x2 + 3696x4 − 3064x6)y6
+ (−658x4 + 4554x6 − 2461x8)y8 + x6(−1855 − 154x2 + 121x4)y10
+ 33x8y12) − b2(198x12y10 + 2(2 + y2) + x8y6(3179 − 88y2 − 80y4)
+ 2x10y8(283 − 132y2 + 44y4) + x2(6 − 770y2 + 209y4) + x4y2(429 − 2640y2
+ 568y4) + x6y4(1494 − 5170y2 + 2173y4)) + b3xy(−11x12y10
+ 22(2 + y2) + x10y8(817 + 14y2 − 3y4) + x8y6(5830 − 1006y2 + 339y4) + x2(66 − 1650y2
+ 533y4) + x4y2(1235 − 6642y2 + 1793y4) + x6y4(4367 − 8456y2 + 3476y4))
+ bxy(18x12y10 + 44(−4 + y2) + x10y8(99 − 24y2 + 8y4) + 4x2(22
152
− 198y2 + 53y4) + x8y6(−696 − 162y2 + 53y4) + x4y2(396 − 450y2 + 209y4)
+ x6(231y4 + 1148y6 − 614y8))))/(40(−1 + b2)2x2y13ζ11)
− (9(−1 + 2bxy − x2y2)5(4b4x2 − 2(−4 + 2x2 + y2) − b2(2 + 3x2






− (9(−4 + b2)(−1 + 2bxy − x2y2)7)/(100(−1 + b2)2x2y16ζ14)
+ (9(8 + 52x2y2 + 143x4y4 − 7748x6y6 + 5663x8y8
+ 2080b10x8y8 − 350x10y10 − 8b9x7y7(710 + 467x2y2)
+ b8x6y6(5785 + 1642x2y2 − 1883x4y4) + b7x5y5(−2145 + 11431x2y2 + 19909x4y4
− 139x6y6) + b6x4y4(−1122 − 16627x2y2 − 30455x4y4 + 5055x6y6
+ 13x8y8) + b4x2y2(−143 + 3102x2y2 + 12441x4y4 + 55901x6y6 − 4954x8y8
− 91x10y10) + b5x3y3(429 + 9438x2y2 + 8109x4y4 − 33577x6y6
+ 674x8y8 − x10y10) + b3xy(26 − 1573x2y2 − 18876x4y4
− 37229x6y6 + 19511x8y8 − 970x10y10 + 7x12y12) − bxy(104 + 572x2y2 − 3861x4y4
− 13073x6y6 + 6397x8y8 + 33x10y10 + 12x12y12) + b2(−2 + 559x2y2
+ 2167x4y4 + 16445x6y6 − 27109x8y8 + 3848x10y10







(9b(4 − 2y2 + x2(−2 + y2 + b2(−3 + 2y2))))/(4(1 − b2)3/2x2y2)
+ (9(4b8x7y5(−18 + 13y2) + b7x6y4(252 + (−135 + 97x2)y2 − 3(5
+ 29x2)y4) + b6x5y3(−318 + (246 − 422x2)y2 + (−26 + 241x2 − 27x4)y4
+ 3x2(13 + 9x2)y6) + b5x4y2(189 + 9(−47 + 64x2)y2 + 3(52 − 180x2
+ 125x4)y4 + x2(62 − 178x2 + 9x4)y6 − 9(x4 + x6)y8) + b3x2(6 + (−256 + 153x2)y2 + 9(14
− 83x2 + 47x4)y4 + 6x2(53 − 120x2 + 68x4)y6 + x4(299 − 322x2 + 81x4)y8
− 9x6(−4 + 5x2)y10) + b4x3y(−54 + (456 − 393x2)y2 + (−214
+ 893x2 − 606x4)y4 − 3x2(100 − 174x2 + 99x4)y6 − x4(138 − 170x2
+ x4)y8 + (x6 + x8)y10) − x3y5(4 + x2(22 − 26y2) + x6y4(−3 + y2) + x4(−35 + 19y2
+ 6y4)) + b2xy(−4x8y6(−3 + y2)2 − 36(−2 + y2) + x10y8(−9 + 5y2) − 2x2(18 − 135y2
153
+ 59y4) + x4(−129y2 + 395y4 − 204y6) + x6(−195y4 + 248y6 − 39y8))
+ b(4(−2 + y2) + 6x4y2(3 − 9y2 + 5y4) + 2x2(2 − 19y2 + 9y4) + x8y6(−40 + 11y2






(9b((2 + 3b2)x2 + 2(−4
+ y2)))/(20(1 − b2)3/2x2y2) − (9(288b9x8y6 − 8b8x7y5(99 + (65 + 34x2)y2 − 15y4)+
b7x6y4(996 + (650 + 681x2)y2 + (−91 + 926x2 − 161x4)y4 − 393x2y6) − b6x5y3(714 + 8(−90
+ 143x2)y2 + (286 − 366x2 + 451x4)y4 + x2(−271 + 54x2 + 63x4)y6
− 27x4y8) + b5x4y2(297 + 165(−12 + 7x2)y2 + (548 − 4248x2 + 2115x4)y4 + 2x2(301
− 1581x2 + 921x4)y6 + x4(1193 + 22x2 + 11x4)y8 − 11x6y10) − b4x3y(66
+ 3(−616 + 239x2)y2 + (490 − 5328x2 + 2343x4)y4 + x2(946 − 6228x2
+ 3477x4)y6 + (2362x4 − 478x6 + 424x8)y8 + x6(143 + 2x2 + x4)y10 − x8y12)
+ b3x2(6 + 33(−24 + 7x2)y2 + 6(33 − 572x2 + 217x4)y4 + x2(752 − 4542x2
+ 2277x4)y6 − 7x4(−263 − 54x2 + 33x4)y8 + x6(−415 − 132x2 + 99x4)y10
+ 44x8y12) − x3y5(28 + x2(624 − 330y2) + x8y6(−6 + y2) + x6y2(245
− 18y2 + y4) + x4(−385 − 648y2 + 272y4)) − b2xy(9x12y10 + 44(−4 + y2) + x10y8(63
− 12y2 + 4y4) + 2x2(22 − 396y2 + 71y4) + x8y6(−1145 − 438y2 + 103y4)
+ x4y2(219 − 1968y2 + 946y4) + x6(726y4 + 1442y6 − 923y8)) + b(4(−4 + y2)
+ 2x4y2(11 + 66y2 + 10y4) + x10y8(200 − 66y2 + 11y4) + x2(4 − 88y2
+ 22y4) + x8y6(−741 − 782y2 + 275y4) + x6(−153y4





− (9b(−1 + 2bxy − x2y2)7)/(25(1 − b2)3/2x2y16ζ14)
+ (9(2080b9x8y8 − 8b8x7y7(650 + 467x2y2) + b7x6y6(4225
+ 3482x2y2 − 1883x4y4) + b6x7y7(7281 + 17178x2y2 − 139x4y4)
+ 3x5y5(−1144 + 2764x2y2 − 699x4y4 + 14x6y6 + x8y8)
+ b5x4y4(−1518 − 14742x2y2 − 32673x4y4 + 4312x6y6 + 13x8y8) + b4x3y3(1716
+ 8580x2y2 + 26490x4y4 − 19525x6y6 + 580x8y8 − x10y10) − b3x2y2(572
154
+ 5544x2y2 + 7215x4y4 − 29420x6y6 + 5835x8y8 + 78x10y10) + b(−8 − 52x2y2
+ 1342x4y4 + 4004x6y6 − 12605x8y8 + 1118x10y10 − 39x12y12)
+ b2xy(104 + 572x2y2 + 5148x4y4 − 23135x6y6 + 13900x8y8







(9b(5 − 4y2 + x2(−7 + (5 + b2)y2)))/(4(1 − b2)3/2x2y2)
+ (9(4b8x7y5(6 + 5y2) + b7x6y4(−24 − (63 + 79x2)y2 + 5(−7 + 5x2)y4)
+ b6x5y3(6 + (213 − 151x2)y2 + (−55 + 197x2 + 30x4)y4) + b4x3y3(543 − 415y2
+ x8y6 + 23x6y4(−12 + 11y2) + x2(−747 + 1358y2 − 690y4) − 3x4y2(383
− 376y2 + 42y4)) + b(−10 + 8y2 + 18x10y8(3 − 2y2) + 21x4y2(3 − 7y2
+ 3y4) + x8y6(199 − 182y2 + 36y4) + x2(14 − 55y2 + 36y4) + x6y4(129 − 228y2
+ 136y4)) + b3x2y2(−317 + 252y2 − 9x8y6(−9 + 8y2) + 4x6y4(138 − 115y2
+ 9y4) + 3x2(147 − 355y2 + 210y4) + x4y2(1041 − 1224y2 + 281y4))
+ b5x4y4(−480 + 315y2 − 9x6y4 + x4(504y2 − 481y4) + x2(618 − 837y2 + 290y4)) + b2xy(90
− 72y2 + x10y8(−9 + 8y2) + x2(−126 + 405y2 − 262y4) + x8y6(−231
+ 165y2 − 4y4) − 2x6y4(216 − 233y2 + 72y4) + x4(−435y2 + 656y4 − 219y6))
+ x3y5(5 + x2(41 − 44y2) + x4(−56 + 61y2 − 18y4) + x6(−27y2 + 24y4 − 4y6)





(9(96b9x8y6 − 8b8x7y5(33 + (−25 + 58x2)y2 + 35y4) + b7x6y4(192
+ (470 + 207x2)y2 + (235 + 626x2 − 35x4)y4 − 175x2y6) + b6x5y3(−42
+ (−2370 + 1727x2)y2 + (605 − 3714x2 + 2525x4)y4 − 3x2(−645 + 28x2
+ 18x4)y6) + x3y5(−35 + 6x10y6 + 7x2(−156 + 77y2) + x4(616 + 114y2
− 38y4) + x8y4(33 − 12y2 + 4y4) + x6y2(13 − 66y2 + 22y4)) + b5x4y4(3300
− 1175y2 + 11x8y6 + x6y4(−639 + 22y2) + x2(−2574 + 6612y2 − 3695y4)
− 2x4y2(2793 + 99y2 + 31y4)) − b(−20 + 8y2 + 66x12y10 + 2x2(7 − 55y2
+ 22y4) + x10y8(247 − 132y2 + 44y4) + 2x8y6(825 − 197y2 + 74y4) + x4y2(77 − 660y2
155
+ 119y4) + x6y4(342 − 2932y2 + 1377y4)) − b3x2y2(99x10y8 + 198(−5
+ 2y2) + x8y6(1389 − 66y2 + 44y4) + x6y4(−465 − 2478y2 + 935y4) + x2(693
− 2640y2 + 1346y4) + x4(1896y2 + 774y4 − 1141y6)) + b2xy(9x12y10
+ 44(−5 + 2y2) + 2x10y8(171 − 3y2 + 2y4) + x8y6(2033 − 612y2 + 220y4)
+ 2x2(77 − 495y2 + 233y4) + x6y4(−33 − 4202y2 + 1715y4) + x4(651y2 − 186y4
− 473y6)) + b4x3y3(−2310 + 889y2 − x10y8 + x6y4(513 − 338y2
+ 198y4) + x2(1701 − 5592y2 + 3025y4) + x4(4422y2 + 1002y4 − 692y6)
+ x8(449y6 − 2y8))))/(40(1 − b2)3/2x2y13ζ11) − (9b(−10 + 7x2





− (9b(−1 + 2bxy − x2y2)7)/(20(1 − b2)3/2x2y16ζ14)
+ (9(800b9x8y8 + 8b8x7y7(−70 + 557x2y2) + b7x6y6(−3055
− 18062x2y2 + 893x4y4) + b6x5y5(6435 + 28044x2y2 − 13389x4y4
+ 94x6y6) + 3x5y5(2002 − 2287x2y2 + 342x4y4 + 13x6y6 + 2x8y8)
− b5x4y4(5610 + 21528x2y2 − 35445x4y4 + 3430x6y6 + 13x8y8) + b3x2y2(−715
+ 495x2y2 + 22191x4y4 − 41354x6y6 + 606x8y8 − 39x10y10)
+ b4x3y3(2145 + 8151x2y2 − 39819x4y4 + 21586x6y6 + 176x8y8 + x10y10)
+ b2xy(130 + 715x2y2 − 7722x4y4 + 36356x6y6 − 6529x8y8
+ 471x10y10 + 3x12y12) − b(10 + 65x2y2 + 2035x4y4 + 14768x6y6 − 10301x8y8







− (9((−2 + x2)(−2 + y2) + b4x2(2 + y2) + b2(5 − 7y2 + x2(−9
+ 7y2))))/(8(−1 + b2)2x2y2) − (3(x8y6(−27 + y2) + 12(−2 + y2)
+ 24b9x7y5(6 + 5y2) − 3x6y4(−76 + 73y2 + 9y4) + x2(12 − 119y2 + 57y4) + 3x4y2(19
− 105y2 + 76y4) + 6b8x6y4(−84 − (39 + 79x2)y2 + 5(−7 + 5x2)y4)
+ 4b7x5y3(159 + (139 + 141x2)y2 + 3(−13 + 37x2 + 15x4)y4) − 6b6x4y2(63 + (227
− 200x2)y2 + (−263 + 452x2 − 184x4)y4 + x2(−241 + 321x2 + 9x4)y6)
156
+ 2b5x3y(54 + (831 − 1248x2)y2 + (−1113 + 2537x2 − 2193x4)y4 − 3x2(668 − 773x2
+ 70x4)y6 + 3x4(−79 + 143x2 + x4)y8) + b4x2(−12 + 2(−478 + 825x2)y2 + 3(442
− 1591x2 + 1607x4)y4 + 3x2(1355 − 1895x2 + 758x4)y6 + x4(1806 − 1727x2
+ 135x4)y8 − 27x6(−5 + 9x2)y10) + b2(−81x10y8(−5 + 3y2) + 6(−5
+ 7y2) + 3x4y2(205 − 766y2 + 311y4) + x8y6(1659 − 1520y2 + 351y4) + 3x6y4(353
− 830y2 + 507y4) + x2(54 − 923y2 + 561y4)) + b3xy(54(5 − 7y2)
+ 3x10y8(−5 + 9y2) − 3x8y6(503 − 320y2 + 5y4) − 3x6y4(793 − 876y2 + 431y4) − 3x2(162
− 839y2 + 637y4) + x4(−2271y2 + 4438y4 − 1911y6)) + 3bxy(−36(−2 + y2)
+ 3x10y8(−5 + 3y2) + x2(−36 + 281y2 − 133y4) + x8y6(−65 + 60y2 − 13y4)







(9(−192b10x8y6 + 45x10y8 + 4(−4 + y2) + x2(4 − 102y2 + 27y4)
+ 16b9x7y5(33 + (−25 + 58x2)y2 + 35y4) + x8y6(−801 − 194y2 + 45y4)
+ x4y2(27 − 770y2 + 437y4) + 2b8x6y4(−332 + (122 − 647x2)y2 + (−351
− 626x2 + 35x4)y4 + 175x2y6) + 4b7x5y3(119 + (344 − 66x2)y2 + (−143
+ 1238x2 − 840x4)y4 + 3x2(−291 + 14x2 + 9x4)y6) + x6(437y4
+ 1642y6 − 801y8) − 2b6x4y2(99 + (1320 − 955x2)y2 + (−883 + 4262x2 − 3516x4)y4 + x2(−3438
− 1524x2 + 233x4)y6 + x4(257 + 22x2 + 11x4)y8) + 2b5x3y(22 + (1208
− 982x2)y2 + (−829 + 4378x2 − 3465x4)y4 + 3x2(−1089 − 818x2 + 345x4)y6
+ (1083x4 − 94x6 − 131x8)y8 + x6(−123 + 2x2 + x4)y10) + b4x2(−4 + 2(−502
+ 437x2)y2 + (698 − 6842x2 + 4285x4)y4 + (3901x2 + 402x4 − 1437x6)y6 + x4(−1821
− 7022x2 + 3011x4)y8 + x6(2927 + 66x2 + 55x4)y10
+ 55x8y12) − bxy(15x12y10 + 44(−4 + y2) + 2x6y4(627 + 808y2 − 444y4) + x10y8(90
− 38y2 + 13y4) + 2x8y6(−420 − 118y2 + 35y4) + x2(44 − 898y2 + 239y4)
+ x4y2(253 − 2268y2 + 1210y4)) − b3xy(5x12y10 + 22(−10 + 7y2) + x4(1229y2
− 4232y4) + x10y8(746 + 6y2 + 5y4) + 2x8y6(3209 − 882y2 + 337y4)
157
+ x2(198 − 2626y2 + 1073y4) + 2x6y4(198 − 6926y2 + 3031y4)) + b2(−20
+ 14y2 + 165x12y10 + 2x8y6(2504 − 260y2 + 81y4) + x10y8(310 − 418y2
+ 143y4) + x2(18 − 874y2 + 265y4) + 4x6y4(−7 − 2599y2 + 1191y4)
+ x4(287y2 − 1628y4 − 164y6))))/(80(−1 + b2)2x2y13ζ11)
− (9(−1 + 2bxy − x2y2)5(2b4x2 + b2(10 − 9x2 − 7y2) − 2(−4 + x2





− (9(4 + 5b2))/(200(−1 + b2)2x2y2) + (9(−8 − 87x2y2 − 2598x4y4
+ 15678x6y6 − 9038x8y8 + 1600b10x8y8 + 485x10y10
+ 16b9x7y7(−218 + 557x2y2) + 2b8x6y6(793 − 15774x2y2 + 893x4y4)
+ 4b7x5y5(572 + 11655x2y2 − 8506x4y4 + 47x6y6) − 2b6x4y4(1108
+ 19123x2y2 − 41949x4y4 + 3289x6y6 + 13x8y8) + 2b5x3y3(1216 + 8177x2y2
− 42886x4y4 + 28762x6y6 − 166x8y8 + x10y10) + b4x2y2(−750
− 11751x2y2 + 47086x4y4 − 116904x6y6 + 4136x8y8 + 39x10y10) + bxy(104
+ 859x2y2 + 4199x4y4 − 27878x6y6 + 9062x8y8 + 83x10y10 + 19x12y12)
− b2(10 + 567x2y2 − 3695x4y4 + 56992x6y6 − 48826x8y8
+ 4977x10y10 + 247x12y12) + b3(130xy + 1857x3y3 + 325x5y5
+ 101406x7y7 − 28604x9y9 + 1465x11y11 − 3x13y13))ζ)/(400(−1 + b2)2x2y(−1







− (9b2(−3 + (1 + 2b2)x2)(−1 + y2))/(4(−1 + b2)2x2y2)
+ (3(12b9x7y5(18 − 13y2) + 3b8x6y4(−192 + (127 − 97x2)y2 + 3(5
+ 29x2)y4) + b7x5y3(654 + (−677 + 699x2)y2 + 3(53 − 234x2 + 27x4)y4 − 9x2(13
+ 9x2)y6) + 3b6x4y2(−126 + (347 − 293x2)y2 + (−239 + 529x2 − 146x4)y4
+ (−104x2 + 167x4 − 9x6)y6 + 9(x4 + x6)y8) + b4x2(−12 + (574 − 240x2)y2 − 3(188
158
− 569x2 + 265x4)y4 − 3x2(445 − 577x2 + 334x4)y6 + (−1254x4 + 1045x6
− 135x8)y8 + 135x6(−1 + x2)y10) + b5x3y(108 + 60(−17 + 10x2)y2 + 2(462
− 1126x2 + 507x4)y4 + 3x2(428 − 509x2 + 175x4)y6 + 3x4(175 − 174x2 + x4)y8
− 3(x6 + x8)y10) + 3bx3y3(11 − 7y2 + x2(−15 + 16y2 − 33y4) + 2x6y4(2
− 3y2 + y4) + x4y2(−51 + 19y2 + 16y4)) + b3xy(162(−1 + y2)
− 15x10y8(−1 + y2) + 15x8y6(2 − 3y2 + y4) + 12x6y4(41 − 49y2 + 16y4) + x2(54 − 687y2
+ 609y4) + x4y2(303 − 899y2 + 924y4)) + x2y2(−5 + 3y2 + x2(3 − 45y2
+ 66y4) + x4(66y2 − 42y6) + x6(−42y4 + 40y6)) − b2(18(−1 + y2) + x8y6(−261 + 173y2
+ 54y4) + x2(6 − 97y2 + 87y4) + 3x4y2(11 − 71y2 + 94y4)





(9(288b10x8y6 − 8b9x7y5(99 + (65 + 34x2)y2 − 15y4)
+ b8x6y4(856 + (666 + 465x2)y2 + (17 + 926x2 − 161x4)y4 − 393x2y6)
+ b7x5y3(−518 + (574 − 165x2)y2 + (−583 + 312x2 + 58x4)y4 + (124x2 − 54x4
− 63x6)y6 + 27x4y8) + b6x4y2(198 + (−1650 + 199x2)y2 + (919 − 3738x2
+ 613x4)y4 + x2(913 − 3274x2 + 1523x4)y6 + x4(1427 + 22x2
+ 11x4)y8 − 11x6y10) − b5x3y(44 + 20(−64 + 11x2)y2 + 2(326 − 2168x2 + 759x4)y4 + 3x2(440
− 1974x2 + 977x4)y6 + x4(2973 − 352x2 + 214x4)y8 + x6(176 + 2x2
+ x4)y10 − x8y12) + b4x2(4 + 116(−5 + x2)y2 + (292 − 2002x2 + 941x4)y4 + x2(749
− 3726x2 + 2613x4)y6 + (2661x4 + 1538x6 − 785x8)y8 + x6(−557 − 110x2
+ 55x4)y10 + 55x8y12) + bx3y3(−106 + 41y2 − 2x8y6(−6 − 2y2 + y4)
+ x6y4(−529 − 20y2 + 10y4) + x2(97 − 60y2 + 286y4) + x4(396y2
+ 1422y4 − 583y6)) − x2y2(−14 + 5y2 + 70x8y6 + 2x6y4(−190 − 72y2 + 35y4) + x2(5 − 242y2
+ 185y4) + x4(185y2 + 888y4 − 380y6)) − b3xy(5x12y10 + 66(−2 + y2)
+ 5x10y8(13 − 2y2 + y4) + x8y6(−1694 − 382y2 + 191y4) + x2(22 − 806y2
+ 379y4) + x4y2(349 − 694y2 + 1155y4) + x6(693y4 + 3176y6 − 1332y8))
159
+ b2(6(−2 + y2) + x10y8(483 − 44y2 + 22y4) + x2(2 − 94y2 + 43y4) + x4y2(21
− 550y2 + 497y4) + x8y6(−1587 − 1314y2 + 583y4) + x6(169y4
+ 2142y6 − 1199y8))))/(40(−1 + b2)2x2y13ζ11) + (9b2(−6 + x2 + 2b2x2





(27b2(−1 + 2bxy − x2y2)7)/(100(−1
+ b2)2x2y16ζ14) − (9(2080b10x8y8 − 8b9x7y7(654 + 467x2y2)
+ b8x6y6(4329 + 3626x2y2 − 1883x4y4) + b7x5y5(−143 + 6659x2y2 + 18039x4y4
− 139x6y6) + 5x2y2(7 + 194x2y2 − 1469x4y4 + 1044x6y6 − 72x8y8)
+ b6x4y4(−2305 − 13572x2y2 − 34696x4y4 + 5600x6y6 + 13x8y8) + b5x3y3(1000
+ 10244x2y2 + 28019x4y4 − 26611x6y6 + 549x8y8 − x10y10)
+ bx3y3(−287 + 949x2y2 + 12771x4y4 − 6031x6y6 + 76x8y8 + 2x10y10)
− b4x2y2(394 + 855x2y2 + 11206x4y4 − 42544x6y6 + 8056x8y8 + 65x10y10)
+ b3xy(78 + 1003x2y2 − 3328x4y4 − 31921x6y6 + 22629x8y8
− 18x10y10 + 5x12y12) − b2(6 + 109x2y2 + 2100x4y4







(9(3 + (−3 − 4b2 + 4b4)x2)(−1 + y2))/(4(−1 + b2)2x2y2) + (3(−18(−1
+ y2) + 162bxy(−1 + y2) − 27b2(−15 + 7b2 + 2b4)x10y8(−1 + y2)
+ 3b(−15 + 7b2 + 2b4)x11y9(−1 + y2) + 3bx9y7(67 − 78y2 + 11y4
+ 63b6(−1 + y2) + b2(442 − 435y2 − 7y4) + 2b4(−115 + 114y2 + y4)) + x2(−18 + 94y2 − 78y4
+ b2(−24 + 601y2 − 573y4) + b4(24 − 29y2 + 3y4)) − 3bx3y(−54 + 232y2 − 182y4
+ b2(−72 + 409y2 − 329y4) + b4(72 − 83y2 + 7y4)) + 3bx7y5(90 − 155y2
+ 49y4 + 20b8(−6 + 7y2) + b4(−193 + 409y2 − 212y4) + b6(−277 + 174y2
+ 63y4) + 4b2(314 − 385y2 + 79y4)) + x8y6(3 − 5y2 + b8(285 − 315y2)
+ b2(−1395 + 1726y2 − 297y4) − 6b6(−230 + 206y2 + 9y4) + b4(−1785 + 1504y2 + 189y4))
160
− 3x6y4(−16 + 9y2 − y4 + 5b8(−72 + 61y2 + 21y4) − 4b6(34 − 77y2 + 76y4) + b2(751
− 1116y2 + 349y4) + b4(517 − 766y2 + 355y4)) − 3x4y2(−2(−13 + 9y2 + 8y4)
+ b6(−252 + 226y2 + 44y4) + b4(215 − 344y2 + 85y4) + b2(227 − 836y2
+ 643y4)) + bx5y3(b4(573 + 286y2 − 1227y4) + 6(96 − 145y2 + 33y4) + b6(−1290 + 997y2





(9(6 + (−3 − 4b2 + 4b4)x2 − 3y2))/(20(−1 + b2)2x2y2) − (9(11b2(−15
+ 7b2 + 2b4)x12y10 + b(15 − 7b2 − 2b4)x13y11 − 6(−2 + y2)
+ 66bxy(−2 + y2) + bx11y9(84 − 99b6 − 22y2 + 11y4 + b2(701 + 14y2 − 7y4)
+ 2b4(−178 − 2y2 + y4)) + x2(−6 + 52y2 − 28y4 + b2(−8 + 622y2 − 307y4) + b4(8
− 14y2 + 5y4)) + x10y8(−5 + 281b8 + b2(−774 + 242y2 − 121y4) + b6(766
+ 44y2 − 22y4) + b4(−1258 − 154y2 + 77y4)) + x8y6(−131 + 480b10 + 6y2 − 5y4
+ b2(354 + 1200y2 − 526y4) + b8(−897 + 322y2 − 231y4) + 2b6(2764 − 508y2
+ 359y4) − 2b4(4053 − 734y2 + 473y4)) + bx9y7(367 + 80b8 − 124y2 + 62y4
+ b4(2661 + 668y2 − 334y4) + b6(−2686 − 198y2 + 99y4) + b2(1558 − 1006y2
+ 503y4)) + x6y4(482 + 390y2 − 131y4 + b4(346 + 13752y2 − 7674y4)
+ b8(1520 + 3174y2 − 1937y4) + 2b2(−1520 − 858y2 + 493y4) + 8b6(−161 − 1257y2
+ 748y4)) + bx3y(66 − 488y2 + 256y4 + b4(−88 + 106y2 − 41y4) + b2(88 − 1598y2
+ 775y4)) + bx7y5(−1122 − 786y2 + 265y4 + b6(1683 + 4416y2 − 2488y4) + 40b8(−33
− 35y2 + 21y4) + b2(7755 − 1168y2 + 840y4) + 3b4(−1408 − 1674y2 + 841y4))
− x4y2(28 + 836y2 − 482y4 + b4(347 + 572y2 − 538y4) + 4b6(−99 − 165y2
+ 106y4) + b2(351 − 4708y2 + 2576y4)) + bx5y3(326 + 2040y2 − 1276y4
+ b4(697 + 7148y2 − 4422y4) + b6(−994 − 2554y2 + 1573y4) + b2(961 − 12178y2





(27(−1 + 2bxy − x2y2)7)/(100(−1 + b2)2x2y16ζ14) + (9(6
+ 4x2y2 − 4204x4y4 + 7969x6y6 − 1704x8y8
161
+ 5600b10x8y8 − 15x10y10 + 8b9x7y7(−2106 + 371x2y2) + b8x6y6(20631
− 29210x2y2 + 779x4y4) − b7x5y5(12727 − 67279x2y2 + 11241x4y4
+ 143x6y6) + 2b6x4y4(1697 − 34827x2y2 + 28352x4y4 − 1171x6y6 + 13x8y8)
+ b5x3y3(287 + 37375x2y2 − 104483x4y4 + 15115x6y6 + 492x8y8
− 2x10y10) + b3x3y3(−1861 − 45578x2y2 + 61651x4y4 − 12669x6y6
− 750x8y8 + 7x10y10) − b4x2y2(35 + 8847x2y2 − 93106x4y4 + 44734x6y6
− 2761x8y8 + 91x10y10) + b2x2y2(499 + 13947x2y2 − 41756x4y4 + 21066x6y6
+ 533x8y8 + 143x10y10) − bxy(78 + 142x2y2 − 13208x4y4








− (9b(−2 + (1 + b2)x2))/(2(1 − b2)3/2x2y2) − (9(4b8x7y5(6 + 5y2)
+ b7x6y4(−144 − (15 + 79x2)y2 + 5(−7 + 5x2)y4) + b6x5y3(206 + 5(−17
+ 79x2)y2 + (35 − 61x2 + 30x4)y4) + x5y3(4 + (22 − 26x2)y2 + (−35 + 19x2
+ 6x4)y4 + x4(−3 + x2)y6) − 3b5x4y2(42 + 3(−35 + 57x2)y2 + x2(−57
+ 89x2)y4 + x2(−35 + 28x2 + 3x4)y6) − b3x2(4 + 36(−7 + 4x2)y2
+ 18x2(−35 + 17x2)y4 + (−459x4 + 321x6)y6 + 3x4(35 − 43x2 + 18x4)y8) + b4x3y(36
+ 12(−35 + 29x2)y2 + 12x2(−47 + 31x2)y4 + 3x2(−35 − 9x2 + 66x4)y6 + (x6
+ x8)y8) + b(8 − 9x10y8 + x8y6(−5 + 2y2) + 9x4y2(−2 + 7y2) + 4x2(−1
+ 9y2) + x6y4(−45 + 57y2 + 35y4)) + b2xy(−72 + 6x10y8 − 6x8y6(−9 + y2)
− 36x2(−1 + 7y2) + 3x4y2(38 − 127y2 + 35y4)





(9b(−4 + (1 + b2)x2))/(10(1 − b2)3/2x2y2) − (9(96b9x8y6 − 8b8x7y5(33+
(−25 + 58x2)y2 + 35y4) + b7x6y4(472 + (−970
+ 1311x2)y2 + (595 + 626x2 − 35x4)y4 − 175x2y6) − b6x5y3(434 + 3(−670
+ 693x2)y2 + (385 + 654x2 − 179x4)y4 + x2(−1085 + 84x2 + 54x4)y6) − x5y3(28 + (624
162
− 330x2)y2 + (−385 − 648x2 + 272x4)y4 + x2(245 − 18x2 + x4)y6 + x6(−6
+ x2)y8) + b5x4y2(198 + 3(−770 + 529x2)y2 + 6x2(−208 + 57x2)y4 + 3x2(−595
− 824x2 + 398x4)y6 + x4(525 + 22x2 + 11x4)y8) − b4x3y(44 + 24(−77
+ 31x2)y2 + 12x2(−229 + 22x2)y4 + 3x2(−385 − 2036x2 + 978x4)y6 + x4(1575
− 538x2 + 289x4)y8 + x8(2 + x2)y10) + b3x2(4 + 44(−18 + 5x2)y2 + 6x2(−462
+ 71x2)y4 + 3x4(−1894 + 797x2)y6 − 3x4(−595 + 34x2 + 13x4)y8 + 3x6(−175
− 44x2 + 22x4)y10) + b2xy(176 − 6x12y10 + 12x10y8(−8 + y2)
+ 44x2(−1 + 18y2) + x8y6(851 + 408y2) − 3x4y2(38 − 1086y2 + 385y4)
+ x6y4(−1419 − 1022y2 + 1015y4)) + b(−16 + 11x12y10 + x2(4 − 88y2) − 22x4y2(−1
+ 9y2) + x8y6(−444 − 692y2 + 175y4) + x6(155y4 + 508y6 − 595y8)





(9b)/(25(1 − b2)3/2x2y2) − (9(800b9x8y8 + 8b8x7y7(−430
+ 557x2y2) + b7x6y6(6305 − 12302x2y2 + 893x4y4) + b6x5y5(−6435
+ 13464x2y2 − 16323x4y4 + 94x6y6) + b5x4y4(3003 − 6903x2y2
+ 39828x4y4 − 2107x6y6 − 13x8y8) − 3x5y5(−1144 + 2764x2y2 − 699x4y4
+ 14x6y6 + x8y8) + b4x3y3(−1716 + 4290x2y2 − 42060x4y4 + 15655x6y6
− 490x8y8 + x10y10) + b3x2y2(572 + 2574x2y2 + 18915x4y4
− 28790x6y6 + 4395x8y8 + 78x10y10) − b2xy(104 + 572x2y2 + 11583x4y4
− 26600x6y6 + 11605x8y8 + 186x10y10 + 6x12y12) + b(8
+ 52x2y2 + 143x4y4 − 4589x6y6 + 10760x8y8 − 893x10y10







(9b(−8 + (7 + 5b2)x2)(−1 + y2))/(4(1 − b2)3/2x2y2)
+ (9(20b8x7y5(−6 + 7y2) − 5b7x6y4(−84 + (69 − 19x2)y2 + 21(1 + x2)y4)
+ b6x5y3(−530 + (610 − 730x2)y2 + (−70 + 617x2 − 63x4)y4 + 63(x2
+ x4)y6) − 3b5x4y2(−105 − 105(−3 + 4x2)y2 + (−210 + 579x2 − 346x4)y4 − 3x2(63 − 110x2
163
+ 2x4)y6 + 6(x4 + x6)y8) + x5y3(5 + (41 − 44x2)y2 + (−56 + 61x2 − 18x4)y4
+ (−27x2 + 24x4 − 4x6)y6 + (−6x4 + 4x6)y8) + b3x2(10 + (−514 + 486x2)y2
+ 18(28 − 97x2 + 70x4)y4 + 9x2(140 − 227x2 + 83x4)y6 + 3x4(231 − 295x2
+ 54x4)y8 − 54x6(−2 + 3x2)y10) + b4x3y(−90 − 15(−62 + 69x2)y2 − 3(280
− 811x2 + 584x4)y4 − 3x2(476 − 717x2 + 192x4)y6 + (−369x4 + 574x6 − 2x8)y8
+ 2(x6 + x8)y10) + b(16(−1 + y2) − 36x10y8(−1 + y2) + 2x8y6(68 − 90y2
+ 27y4) + 2x2(7 − 43y2 + 36y4) + 3x6y4(28 − 81y2 + 63y4) + 63x4(y2 − 3y4
+ 2y6)) + b2xy(−144(−1 + y2) + 18x10y8(−1 + y2) − 3x8y6(69 − 73y2
+ 4y4) − 126x2(1 − 5y2 + 4y4) − 6x4y2(76 − 158y2 + 77y4) + x6(−378y4





(9b((7 + 5b2)x2 + 8(−2 + y2)))/(20(1 − b2)3/2x2y2) − (9(480b9x8y6+
40b8x7y5(−33 + (−35 + 2x2)y2 + 21y4) + b7x6y4(1660
+ 125(14 + 3x2)y2 + (−1085 + 322x2 + 281x4)y4 − 231x2y6) − b6x5y3(1190
+ 40(−42 + 55x2)y2 + (770 − 5502x2 + 4139x4)y4 + x2(3101 + 198x2 + 99x4)y6
− 99x4y8) + b5x4y2(495 + 15(−308 + 207x2)y2 + 6(385 − 2261x2
+ 1527x4)y4 + 3x2(2471 − 718x2 + 676x4)y6 + 11x4(117 + 4x2 + 2x4)y8 − 22x6y10)
− x5y3(−35 + 7(−156 + 77x2)y2 + (616 + 114x2 − 38x4)y4 + x2(13 − 66x2
+ 22x4)y6 + x4(33 − 12x2 + 4x4)y8 + 6x6y10) − b4x3y(110 + 3(−1232
+ 669x2)y2 + 3(616 − 4172x2 + 2629x4)y4 + 6x2(1078 − 431x2 + 392x4)y6 + x4(1083
− 1166x2 + 902x4)y8 + x6(583 + 4x2 + 2x4)y10 − 2x8y12) + b3x2(10
+ 44(−36 + 17x2)y2 + 6(132 − 924x2 + 533x4)y4 − 3x2(−924 + 98x2 + 39x4)y6
+ 3x4(−161 − 998x2 + 501x4)y8 + 33x6(39 − 8x2 + 6x4)y10
+ 132x8y12) + b(44x12y10 + 16(−2 + y2) + 11x4y2(7 − 36y2 + 18y4) + 2x10y8(74 − 66y2
+ 33y4) + 2x2(7 − 88y2 + 44y4) + x8y6(1188 − 454y2 + 297y4) + x6y4(−43
− 2674y2 + 1547y4)) − b2xy(18x12y10 + 176(−2 + y2) + 42x4y2(19 + 12y2
164
− 11y4) + 3x10y8(99 − 8y2 + 4y4) + 22x2(7 − 72y2 + 36y4) + x8y6(1547
− 726y2 + 363y4) + x6y4(−858 − 3986y2





(18b)/(25(1 − b2)3/2x2y2) + (9(5600b9x8y8 + 56b8x7y7(−250
+ 53x2y2) + b6x7y7(59157 − 8214x2y2 − 143x4y4)
+ b7x6y6(11375 − 27146x2y2 + 779x4y4) + 3x5y5(2002 − 2287x2y2 + 342x4y4
+ 13x6y6 + 2x8y8) + b5x4y4(−6006 − 58149x2y2 + 32394x4y4 − 3481x6y6
+ 26x8y8) + b4x3y3(3432 + 30030x2y2 − 48855x4y4 + 19990x6y6
+ 845x8y8 − 2x10y10) − b3x2y2(1144 + 5148x2y2 − 34125x4y4 + 40070x6y6
+ 1095x8y8 + 156x10y10) + b2xy(208 + 1144x2y2 − 15444x4y4
+ 38015x6y6 − 4330x8y8 + 507x10y10 + 12x12y12) − b(16 + 104x2y2
+ 286x4y4 + 14807x6y6 − 8630x8y8 + 779x10y10







− (9(−2 + x2 + 3b4x2 + 2b2(−5 + 4x2))(−1 + y2))/(2(−1
+ b2)2x2y2) − (9(−10x8y6 + 8(−1 + y2) + 20b9x7y5(−6 + 7y2) + 9x4y2(2 − 9y2
+ 7y4) + 4x2(1 − 10y2 + 9y4) − 5b8x6y4(−96 + (77 − 19x2)y2 + 21(1
+ x2)y4) + x6(39y4 − 49y6) + b7x5y3(−630 − 15(−63 + 73x2)y2 − 7(45 − 136x2 + 9x4)y4
+ 63(x2 + x4)y6) + b6x4y2(378 + 3(−651 + 725x2)y2 + (1575 − 3122x2
+ 1573x4)y4 + 3x2(329 − 505x2 + 6x4)y6 − 18(x4 + x6)y8) − 3b4x2(−4
+ (424 − 354x2)y2 − 3(140 − 503x2 + 313x4)y4 + (−1155x2 + 1694x4 − 589x6)y6
+ (−735x4 + 669x6 − 84x8)y8 + 12x6(−5 + 7x2)y10) + b5x3y(−108
− 6(−368 + 343x2)y2 − 3(700 − 1757x2 + 1059x4)y4 + (−3213x2 + 3918x4 − 891x6)y6
+ (−621x4 + 889x6 − 2x8)y8 + 2(x6 + x8)y10) + b2(40(−1 + y2)
− 162x10y8(−1 + y2) + 135x4y2(2 − 9y2 + 7y4) + 16x2(2 − 29y2 + 27y4) + x8y6(607
− 837y2 + 270y4) + x6y4(537 − 1442y2 + 945y4)) + b3xy(−360(−1 + y2)
165
+ 28x10y8(−1 + y2) + x8y6(−693 + 713y2 − 20y4) − 48x2(6 − 41y2 + 35y4) − 21x4y2(58
− 163y2 + 105y4) + x6(−1473y4 + 2428y6 − 1035y8)) + bxy(−72(−1 + y2)
+ 18x10y8(−1 + y2) − 63x4y2(2 − 7y2 + 5y4) − 36x2(1 − 8y2 + 7y4) − 3x8y6(27





(9(480b10x8y6 + 50x10y8 + 8(−2 + y2) − x8y6(481 + 140y2)
+ 11x4y2(2 − 18y2 + 9y4) + 40b9x7y5(−33 + (−35 + 2x2)y2 + 21y4) + x2(4
− 88y2 + 44y4) + b8x6y4(1800 + 35(2 + 37x2)y2 + (−105 + 322x2
+ 281x4)y4 − 231x2y6) + x6(117y4 + 994y6 − 567y8) − b7x5y3(1386 + 165(−42
+ 31x2)y2 + (3465 − 8372x2 + 5864x4)y4 + 3x2(1582 + 66x2 + 33x4)y6
− 99x4y8) + b6x4y2(594 + 3(−3850 + 2143x2)y2 + (5775 − 22456x2
+ 13582x4)y4 + x2(11508 − 3862x2 + 3133x4)y6 + 11x4(201 + 4x2 + 2x4)y8 − 22x6y10)
− b5x3y(132 + 330(−28 + 13x2)y2 + 33(140 − 742x2 + 373x4)y4 + 3x2(4081
− 3536x2 + 1754x4)y6 + x4(4464 − 1958x2 + 1397x4)y8 + x6(979 + 4x2
+ 2x4)y10 − 2x8y12) + b4x2(12 + 330(−12 + 5x2)y2 + 15(132 − 1078x2
+ 445x4)y4 + 15x2(539 − 896x2 + 234x4)y6 + 15x4(420 − 650x2 + 251x4)y8 + 11x6(405
− 40x2 + 28x4)y10 + 220x8y12) + b2(198x12y10 + 40(−2 + y2) + 8x2(4
− 154y2 + 77y4) + 11x4y2(34 − 342y2 + 171y4) + 5x8y6(758 − 482y2
+ 297y4) + x10y8(691 − 660y2 + 330y4) + 7x6y4(117 − 1360y2
+ 720y4)) − b3xy(28x12y10 + 440(−2 + y2) + 5x10y8(209 − 8y2 + 4y4) + 88x2(4 − 66y2
+ 33y4) + 33x4y2(62 − 350y2 + 175y4) + 5x8y6(988 − 638y2 + 319y4)
+ 5x6y4(561 − 2836y2 + 1530y4)) − bxy(18x12y10 + 88(−2 + y2) + 99x4y2(2 − 14y2
+ 7y4) + 44x2(1 − 18y2 + 9y4) + 3x10y8(33 − 20y2 + 10y4) + x8y6(−146
− 330y2 + 165y4) + x6(627y4 + 80y6 − 180y8))))/(40(−1
+ b2)2x2y13ζ11) + (9(−1 + 2bxy − x2y2)5(−4 + x2 + 3b4x2 + 2y2







(9(1 + 5b2)(−1 + 2bxy − x2y2)7)/(25(−1
+ b2)2x2y16ζ14) − (9(−8 − 52x2y2 − 143x4y4 + 7748x6y6 − 5663x8y8
+ 5600b10x8y8 + 350x10y10 + 56b9x7y7(−190 + 53x2y2) + b8x6y6(455
− 31066x2y2 + 779x4y4) + b7x5y5(15015 + 69587x2y2 − 8011x4y4
− 143x6y6) + b6x4y4(−15015 − 70889x2y2 + 25793x4y4 − 5547x6y6 + 26x8y8)
+ b5x3y3(8580 + 33033x2y2 − 28233x4y4 + 39973x6y6
+ 1417x8y8 − 2x10y10) − b4x2y2(2860 + 15873x2y2 − 17745x4y4 + 79115x6y6
+ 5765x8y8 + 260x10y10) + b3xy(520 + 4576x2y2 + 12441x4y4 + 61865x6y6
− 4865x8y8 + 2275x10y10 + 20x12y12) + bxy(104 + 572x2y2
+ 1287x4y4 − 10211x6y6 + 4255x8y8 + 195x10y10 + 30x12y12) − b2(40
+ 832x2y2 + 3289x4y4 + 37427x6y6 − 22675x8y8 + 3545x10y10







− (3(12b7x5y3(−6 + y2) − 6(−2 + y2) + x6y4(−3 + 5y2) + x2(−12
+ 53y2 − 33y4) + x4y2(−45 + 46y2 + 3y4) + 2b6x4y2(48 + (4
+ 69x2)y2 + (−39 + 36x2)y4) − 2b5x3y(21 + (46 − 12x2)y2 + (−114 + 115x2 + 78x4)y4
+ 27x2(−1 + x2)y6) + b4x2(6 − 2(−55 + 87x2)y2 − 3(74 − 143x2 + 93x4)y4 + x2(−261
+ 260x2 + 63x4)y6 + 21x4(−1 + x2)y8) + bxy(42(−2 + y2) − 3x8y6(−9 + 5y2)
+ 3x6y4(32 − 25y2 + 5y4) + x4y2(195 − 227y2 + 54y4) + x2(84 − 239y2
+ 123y4)) + b3xy(−42 + 84y2 − 3x8y6(3 + y2) + 3x6y4(146 − 89y2 + y4)
+ x4y2(483 − 563y2 + 270y4) + x2(84 − 425y2 + 279y4)) + b2(6 − 12y2 + 21x8y6(−9
+ 5y2) + x2(−12 + 233y2 − 123y4) − 3x4y2(85 − 175y2 + 98y4) + x6(−486y4
+ 419y6 − 105y8))))/(16(−1 + b2)2x2y9ζ7) − (9(−1 + 2bxy





− (9(4 − 2x2 + b4x2 − y2 − 2b2(−1 + x2 + y2)))/(40(−1
+ b2)2x2y2) − (9(−5x8y6 + 2(−4 + y2) + 8b7x5y3(5 + 2(2 + x2)y2 − 13y4) + x6y4(−126
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− 34y2 + 5y4) + x2(4 − 50y2 + 29y4) + x4(23y2 + 204y4 − 108y6)
− 2b6x4y2(24 + 9(6 + 7x2)y2 + (−117 − 94x2 + 93x4)y4 − 7x2y6) + 2b5x3y(9 + (72
+ 11x2)y2 + 2(−59 − 13x2 + 64x4)y4 + x2(−7 − 30x2 + 48x4)y6 − 15x4y8)
+ b4x2(−2 + 4(−35 + 23x2)y2 + (146 − 462x2 + 315x4)y4 + x2(117 − 872x2
+ 430x4)y6 + (376x4 + 18x6 − 27x8)y8 + 9x6y10) + b2(81x10y8
+ 4(−1 + y2) + x2(4 − 242y2 + 41y4) + x8y6(265 − 126y2 + 45y4) + x6y4(693 − 290y2
+ 109y4) + x4y2(149 − 1146y2 + 513y4)) − bxy(9x10y8 + 18(−4 + y2) + x8y6(39
− 14y2 + 5y4) + 3x6y4(−33 − 22y2 + 7y4) + x2(36 − 186y2 + 89y4) + x4(87y2
+ 114y4 − 93y6)) + b3xy(3x10y8 − 36(−1 + y2) + x2(−36
+ 678y2 − 179y4) − x8y6(273 + 2y2 + y4) + x4(−479y2 + 1646y4 − 731y6)





− (9(4 + 57x2y2 − 1243x4y4 + 1139x6y6 + 64b8x6y6 − 85x8y8
+ 16b7x5y5(−11 + 54x2y2) + 2b6x4y4(99 − 906x2y2 + 55x4y4)
+ 2b5x3y3(28 + 539x2y2 − 1610x4y4 + 27x6y6) + b4x2y2(134 − 187x2y2
+ 6881x4y4 + 223x6y6 − 11x8y8) + b3xy(−22 − 1135x2y2 − 5324x4y4
+ 1406x6y6 − 350x8y8 + x10y10) − bxy(44 − 89x2y2 − 1650x4y4 + 1030x6y6
+ 34x8y8 + 7x10y10) + b2(2 + 139x2y2 + 3212x4y4 − 3500x6y6
+ 742x8y8 + 77x10y10)))/(400(−1 + b2)2x2y13ζ11) − (9(2







(9b(−2 + (1 + b2)x2))/(8(1 − b2)3/2x2y2) − (9(2b6x5y3(−6 + y2)
+ b5x4y2(16 + (−10 + 31x2)y2 + (−5 + 4x2)y4) + b4x3y(−7 + (32 − 41x2)y2
+ (5 + 8x2 − 35x4)y4) + b3x2(1 + (−35 + 24x2)y2 + x2(−50 + 43x2)y4
+ x2(10 − 15x2 + 14x4)y6) + x3y3(−3 + 5y2 + x4y4 + x2(5 − 2y2)) − b(2
+ x6y4(4 + 3y2) + x2(−1 + 7y2) + x4y2(−2 + 10y2 + 5y4)) + b2xy(14 − 2x8y6
+ x6y4(−7 + y2) + x2(−7 + 41y2 − 10y4) + x4(−22y2
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− (9b(−4 + (1 + b2)x2))/(40(1 − b2)3/2x2y2) − (9(4b6x5y3(5 + 2(−6
+ 5x2)y2 − 5y4) + b5x4y2(−24 − 3(−46 + 45x2)y2 + (45
+ 158x2 − 125x4)y4 − 25x2y6) + b4x3y(9 + 6(−27 + 19x2)y2 + (−35 − 378x2
+ 270x4)y4 + (75x2 − 60x4 + 63x6)y6) − b3x2(1 + 3(−42 + 17x2)y2 + 3x2(−118
+ 57x2)y4 + x2(90 − 62x2 + 23x4)y6 + 2x4(−25 − 9x2 + 9x4)y8) − x3y3(−48 + 35y2
+ 2x6y6 + x4y2(−35 + 6y2) + x2(35 + 96y2 − 35y4)) + b(4 + 2x8y6(−10 + 9y2)
+ x2(−1 + 18y2) + 3x4(y2 + 4y4 + 15y6) + x6(54y4 + 116y6 − 25y8))
+ b2xy(−36 + 2x10y8 − 3x6y4(31 + 26y2) + x2(9 − 222y2 + 70y4) + x4(69y2 + 18y4





(9(96b7x6y6 − 8b6x5y5(33 + 58x2y2) − b4x3y3(63
+ 1188x2y2 − 625x4y4 + 54x6y6) + b5(297x4y4 + 1162x6y6 − 35x8y8)
− x3y3(−168 + 792x2y2 − 291x4y4 + 10x6y6 + x8y8) + b3x2y2(99 + 330x2y2
− 1226x4y4 + 466x6y6 + 11x8y8) − b2xy(22 + 435x2y2 − 1320x4y4
+ 1112x6y6 + 46x8y8 + x10y10) + b(2 + 11x2y2 + 33x4y4 + 892x6y6
− 101x8y8 + 11x10y10)))/(200(1 − b2)3/2x2y13ζ11)







− (9b(−4 + (5 + b2)x2)(−1 + y2))/(8(1 − b2)3/2x2y2) − (9(2b6x5y3(−6 + 5y2) + b5x4y2(16+
(−48 + 71x2)y2 + (35 − 70x2)y4) + b4x3y(−7 + (86 − 126x2)y2 − 2(40 − 82x2 + 35x4)y4+
35x2(−1 + 2x2)y6) + b3x2(1 + (−71 + 94x2)y2 + (70 − 170x2 + 103x4)y4 + 7x2(10 − 17x2
+ 4x4)y6 + (14x4 − 28x6)y8) + b(4(−1 + y2) − 14x8y6(−1 + y2) + x6y4(36 − 49y2 + 14y4) + x2(5
− 19y2 + 14y4) + x4y2(16 − 48y2 + 35y4)) + x3y3(9 − 10y2
+ 2x6y4(−1 + y2) + x2(−10 + 16y2 − 7y4) + x4(−7y2 + 9y4 − 2y6)) + b2xy(−28(−1 + y2)
+ 4x8y6(−1 + y2) + x2(−35 + 87y2 − 50y4) − 2x4y2(31 − 52y2 + 21y4)







− (9b((5 + b2)x2 + 4(−2 + y2)))/(40(1 − b2)3/2x2y2) − (9(20b6x5y3(1 + 2(−6+
5x2)y2 + 7y4) − b5x4y2(24 + 15(−38 + 33x2)y2 + 5(63
− 38x2 + 41x4)y4 + 105x2y6) + b4x3y(9 + (−540 + 429x2)y2 + 10(28 − 27x2
+ 30x4)y4 + 21x2(5 − 6x2 + 6x4)y6 + 63x4y8) − b3x2(1 + 3(−84 + 59x2)y2 + 3(42
− 40x2 + 27x4)y4 + x4(−376 + 241x2)y6 + 12x4(14 − 3x2 + 3x4)y8
+ 18x6y10) + x3y3(−120 + 70y2 + 2x8y6 + x6y4(9 − 4y2 + 2y4) + x2(70 + 6y2
+ 7y4) + x4y2(7 − 18y2 + 9y4)) − b(18x10y8 + 4(−2 + y2) + 2x8y6(29 − 18y2
+ 9y4) + x2(5 − 36y2 + 18y4) + 3x4y2(5 − 106y2 + 63y4) + x6y4(180 − 106y2
+ 63y4)) + b2xy(4x10y8 + 36(−2 + y2) + x2(45 − 12y2 − 14y4)
+ x8y6(81 − 4y2 + 2y4) + 3x6y4(83 − 48y2 + 24y4) + 3x4y2(−5 − 168y2





(9(480b7x6y6 + 40b6x5y5(−33 + 2x2y2) + b5x4y4(1485 − 790x2y2
+ 281x4y4) − b4x3y3(882 − 1485x2y2 + 1504x4y4
+ 99x6y6) − x3y3(420 − 693x2y2 + 156x4y4 + 11x6y6 + 2x8y8) + 2b3x2y2(99
− 561x2y2 + 1456x4y4 + 115x6y6 + 11x8y8) − 2b2xy(22 − 321x2y2 + 1353x4y4
− 130x6y6 + 55x8y8 + x10y10) + b(4 + 22x2y2 + 957x4y4 − 754x6y6
+ 149x8y8 + 22x10y10)))/(200(1 − b2)3/2x2y13ζ11)







(9(−2 + x2 + b4x2 + 7b2(−1 + x2))(−1 + y2))/(8(−1 + b2)2x2y2)
+ (3(12(−1 + y2) + 12b7x5y3(−6 + 5y2) − x6y4(3 + 5y2) + x4y2(33 − 46y2
+ 3y4) + x2(6 − 53y2 + 45y4) + 2b6x4y2(48 + (−178 + 237x2)y2 − 3(−43
+ 78x2)y4) + 2b5x3y(−21 + (400 − 477x2)y2 + (−375 + 631x2 − 237x4)y4
+ 3x2(−44 + 79x2)y6) + b4x2(6 + (−746 + 786x2)y2 + 3(246 − 583x2
+ 313x4)y4 + x2(957 − 1064x2 + 189x4)y6 − 21x4(−5 + 9x2)y8) + b2(42(−1 + y2)
− 189x8y6(−1 + y2) + 3x4y2(73 − 291y2 + 224y4) + x6y4(480 − 731y2 + 273y4) + x2(42
170
− 389y2 + 351y4)) + b3xy(−294(−1 + y2) + 27x8y6(−1 + y2) + x2(−294
+ 1193y2 − 915y4) − 3x6y4(188 − 193y2 + 5y4) + x4(−711y2 + 1391y4 − 732y6))
+ bxy(−84(−1 + y2) + 27x8y6(−1 + y2) + x2(−42 + 275y2 − 225y4) − 3x6y4(32





(9(−4 + x2 + b4x2 + 2y2 + 7b2(−2 + x2 + y2)))/(40(−1 + b2)2x2y2)
+ (9(8 − 4y2 − 5x8y6 + x2(−2 + 50y2 − 23y4) + x6y4(108 + 34y2 + 5y4)
+ 8b7x5y3(5 + (−76 + 58x2)y2 + 43y4) + x4y2(−29 − 204y2 + 126y4)
− 2b6x4y2(24 + (−762 + 567x2)y2 + (387 − 254x2 + 237x4)y4 + 137x2y6) + 2b5x3y(9
+ (−774 + 512x2)y2 + (383 − 622x2 + 382x4)y4 + x2(247 − 156x2 + 141x4)y6
+ 78x4y8) − b4x2(2 + (−896 + 500x2)y2 + (446 − 1410x2 + 459x4)y4 + x2(657
− 1748x2 + 758x4)y6 + x4(812 − 90x2 + 81x4)y8 + 45x6y10)
+ bxy(9x10y8 + 36(−2 + y2) + 13x8y6(3 − 2y2 + y4) − 3x4y2(−53 + 22y2
+ 5y4) + 3x6y4(−3 − 38y2 + 19y4) + x2(18 − 330y2 + 157y4)) + b3xy(9x10y8
+ 126(−2 + y2) + x8y6(327 − 10y2 + 5y4) + 17x4y2(17 − 154y2 + 85y4) + x6y4(1049
− 870y2 + 435y4) + x2(126 − 1146y2 + 589y4)) − b2(81x10y8 + 14(−2 + y2)
+ x8y6(275 − 234y2 + 117y4) + x2(14 − 350y2 + 179y4) + x6y4(783 − 734y2





(9(2 + 7b2))/(200(−1 + b2)2x2y2) − (9(4 + 57x2y2 − 1243x4y4
+ 1139x6y6 + 1216b8x6y6 − 85x8y8 + 16b7x5y5(−209 + 6x2y2)
+ 2b6x4y4(1881 − 534x2y2 + 301x4y4) − 2b5x3y3(917 − 836x2y2
+ 2489x4y4 + 126x6y6) + b4x2y2(728 − 1771x2y2 + 10253x4y4
+ 1615x6y6 + 55x8y8) − b3xy(154 + 721x2y2 + 8096x4y4 + 298x6y6 + 662x8y8 + 5x10y10)
− bxy(44 + 415x2y2 − 1452x4y4 + 760x6y6 + 76x8y8 + 13x10y10)
+ b2(14 + 205x2y2 + 5192x4y4 − 3224x6y6 + 838x8y8








− (9(1 + 2b2)(−1 + x2)(−1 + y2))/(8(−1 + b2)2x2y2) + (3(6 − 6y2
+ x4y2(−3 + 5y2) + x2(−6 + 11y2 − 3y4) − 4b5x3y3(7 − 6y2 + 6x2(−1 + y2))
+ b4x2y2(80 − 78y2 + 15x4y2(−1 + y2) + x2(−78 + 95y2 − 15y4))
+ bxy(30(−1 + y2) − 15x6y4(−1 + y2) + 3x4y2(13 − 18y2 + 5y4) + x2(30 − 73y2
+ 39y4)) + b3xy(60(−1 + y2) − 3x6y4(−1 + y2) + 3x4y2(39 − 40y2 + y4) + x2(60
− 169y2 + 117y4)) + b2(−12(−1 + y2) + 75x6y4(−1 + y2) + x2(−12 + 107y2





(9(−5x6y4 + 2(−2 + y2) + 32b6x4y4(−2 + x2 + y2) + x2(2
+ 14y2 − 13y4) − x4y2(13 + 2y2 + 5y4) − 8b5x3y3(−17 + 7y2 + 2x4y2
+ x2(7 − 4y2 + 2y4)) − bxy(5x8y6 + 14(−2 + y2) + x6y4(16 − 10y2 + 5y4) + x4y2(21 − 32y2
+ 16y4) + x2(14 − 66y2 + 21y4)) + b4x2y2(−112 + 50y2 + 7x6y4 + x4y2(71
− 14y2 + 7y4) + x2(50 − 154y2 + 71y4)) + b2(35x8y6 + 4(−2 + y2) + 7x6y4(16
− 10y2 + 5y4) + x2(4 − 154y2 + 89y4) + x4y2(89 − 200y2 + 112y4))
− b3xy(x8y6 + 28(−2 + y2) + x6y4(94 − 2y2 + y4) + x4y2(133 − 188y2 + 94y4) + x2(28
− 218y2 + 133y4))))/(80(−1 + b2)2x2y9ζ7) + (9(1 + 2b2)(−2 + x2





(9(1 + 2b2)(−1 + 2bxy − x2y2)5)/(200(−1 + b2)2x2y12ζ10) − (9
(−2 + 61x2y2 − 72x4y4 + 128b7x5y5 + 5x6y6 + 32b6x4y4(−9 + x2y2) + 4
b5x3y3(63 + 2x2y2 + 9x4y4) − b4x2y2(56 + 189x2y2 + 458x4y4 + 9x6
y6) + b3xy(36 + 147x2y2 + 671x4y4 + 153x6y6 + x8y8) + bxy(18 + 105x2y2
− 51x4y4 + 27x6y6 + 5x8y8) − b2(4 + 221x2y2 + 207x4y4 + 83x6y6





APPENDICES RELATED TO CHAPTER 5
B.1 Size ratio dependence of long time particle dynamics
Here we extend the data presented in §5.1.5 figure 5.10 to illustrate the effects
of increasing particle-to-cavity relative size on the average radial and perpen-
dicular mean-square displacement.
The average radial and perpendicular mean-square displacements are plot-
ted as a function of particle radial position in figure B.1(a) and (b), respectively,
for particles with a size 1/5 that of the cavity. Several curves represent several
volume fractions, and are qualitatively similar to those of figure 5.10. For radial
mean-square displacement, particle motion is diffusive at short times, leading
to an average radial mean-square displacement that grows linearly in time. In
contrast, at times long enough for particles to sample the domain extents, the
average radial mean-square displacement reaches a plateau. In figure B.1(a),
superdiffusive motion is observed for 0.15 ≤ φ ≤ 0.4, showing that a smaller
confining cavity causes superdiffusion at smaller volume fractions.
The average perpendicular mean-square displacement is plotted as a func-
tion of particle radial position in figure B.1(b) for particles with a size 1/5 that of
the cavity. As before, several curves represent different volume fractions. The
average perpendicular mean-square displacement for these larger particles is
qualitatively similar to that of figure 5.10(b); at short-times motion is diffusive,
then the average perpendicular mean-square displacement reaches a plateau at
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Figur B.1: The (a) radial and (b) perpendicular spatially averaged mean-
square displacement as a function of lag time. Plots (a) and
(b) correspond to suspensions with a particle-to-cavity relative
size of 1/5. Different curves correspond to different volume
fractions.
and long-time regimes, the average perpendicular mean-square displacement
becomes subdiffusive as concentration increases — in contrast to the superdif-
fusive motion along the radial direction.
Overall, larger particles show similar qualitative behaviors to the smaller
particles discussed in §5.1.5, where the long-time dynamics of particles that are
1/10 the cavity size where discussed, in both the radial and perpendicular di-
rections. As expected, cavity-induced effects are more pronounced for larger
particles.
B.2 Isotropic approximation at long times
In experiments, the long-time self-diffusivity is often reported as an isotropic
tensor, owing to the practice of determining mean-square motion by averaging
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the square of the magnitude of particle displacements; however, this masks the
anisotropy induced by confinement. To highlight the qualitative and quantita-
tive impacts of that approximation, we define here an average isotropic mean-
square displacement in terms of the average radial and perpendicular mean-
square displacements:
〈r2〉 = 〈r2|| 〉 + 2〈r2⊥〉. (B.1)
That is, we smear out the details of anisotropy capture by orthogonal projection.
This isotropic average mean-square displacement is plotted as a function
of position in figure B.2(a), and (b) for particles with sizes 1/5 and 1.5/10
that of the cavity, respectively. As before, different curves represent differ-
ent volume fractions. As with the anisotropic mean-square displacements, the
isotropic mean-square displacement grows diffusively at short times; a long-
time plateau is reached for times long enough for particles to sample the do-
main extents. Between the short- and long-time limits, an intermediate subdif-
fusive region emerges as volume fraction increases. The subdiffusive behavior
in this isotropic measurement is a consequence of the higher contribution of the
perpendicular component relative to the radial component. The superdiffusive
behavior is lost entirely. Because motion is less hindered in the perpendicular
direction, the magnitude of mean-square motion is larger, and thus contributes
more to the isotropic mean-square displacement. This highlights the importance
of capturing anisotropy in confined suspensions: without it, key behavior, su-
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Figure B.2: Isotropic mean- quare displacement < r2 > vs. lag time. Plots
(a), and (b) correspond to suspensions with a particle-to-cavity
relative size of 1/5, and 1.5/10, respectively, for several volume
fractions.
B.3 Size-ratio dependence of cage hopping dynamics
Here we discuss the effects of increasing particle-to-cavity relative size on
the average excess kurtosis. We utilize the same quantities defined in §5.1.6
to determine the dynamics of cage hopping for large particles. This extends
the discussion of the cage hopping dynamics at long times in §5.1.6 that were
plotted in figure 5.11.
The average radial and perpendicular excess kurtosis are plotted as a func-
tion of lag time for suspensions with particles 1/5 the size of the cavity in figure
B.3(a) and (b), respectively. Several curves are plotted, corresponding to differ-
ent volume fractions. For the larger particles, the average radial excess kurtosis
is vanishingly small at short times, revealing particle motion is primarily diffu-
sive. For volume fractions 0.05 ≤ φ ≤ 0.30, the average radial excess kurtosis
becomes to positive at intermediate times, indicating large displacements are
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Figure B.3: Average radial excess kurtosis plotted as a function of lag time.
Plots (a) and (b) correspond to suspensions with a particle-to-
cavity relative size of 1/5, for several volume fractions.
to become negative, before it reaches a long time plateau as particles sample
the domain extents. In con rast, for volume fractions 0.35 ≤ φ ≤ 0.40, the aver-
age radial excess kurtosis is weakly negative before obtaining positive values,
suggesting that the combined effects of confinement and crowding are severe
enough to restrict large displacements before particles undergo cage hopping.
Another interesting feature of the average radial excess kurtosis of these con-
centrated suspensions is that its magnitude seems to saturate for φ = 0.35 and
φ = 0.45, suggesting that as volume fraction increases the tendency of particles
to sample large displacements reaches a maximum. With increasing lag time,
the average radial excess kurtosis increases to a maximum before starting to
decreases toward its long time plateau.
The average perpendicular excess kurtosis is plotted as a function of lag time
for suspensions with particles 1/5 the size of the cavity in figure B.3(b). For
the largest particles, the average perpendicular excess kurtosis is vanishingly
small at short times, indicating motion is primarily diffusive. As lag time in-
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creases, the average perpendicular excess kurtosis decreases to negative values
and eventually reaches its long-time plateau. However, weakly positive values
are observed for volume fractions 0.3 ≤ φ ≤ 0.40, indicating large displacement
are only weakly favored at these time scales. As discussed in §5.1.6, the positive
values for the average radial excess kurtosis indicate that cage hopping events
occur primarily along that direction.
Overall, the average excess kurtosis for larger particles exhibits similar qual-
itative behaviors to that of the smaller particles discussed in §5.1.6, in both the
radial and perpendicular directions. The only difference occurs for the largest
particles, where the average radial excess kurtosis for suspensions with volume
fractions φ = 0.35, and φ = 0.40 is weakly negative at intermediate times, before
becoming positive. This shows that the combined effects of crowding and con-
finement can be severe enough to restrict large displacements before particles
undergo cage hopping.
B.4 Relative error arising from common approximations
An isotropic diffusivity was computed in §5.1.4 (equation 5.12), smearing
out all spatial dependence of particle dynamics. The loss of information asso-
ciated with that calculation was illustrated for the radial, spatially-dependent
diffusion tensor in that section. Here we give the corresponding calculation for
the error associated with using that approximation in place of the perpendicular
diffusivity. The relative error for diffusion perpendicular to the cavity radius is
then given by
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E⊥(y/R, λc, φ) = 100
∣∣∣D⊥0 (y/R, λc, φ) − DMSD(λc, φ)∣∣∣
D⊥0 (y/R, λc, φ)
. (B.2)
This error is plotted in figures B.4(a)-(c) for particle-to-cavity relative sizes
1/5, 1.5/10 and 1/10, respectively; different curves correspond to different vol-
ume fractions. As was found for the radial direction, near the center, the relative
error may again be as high as 35% and, near the dilute limit, error decreases
to a minimum and suddenly reverses to maximum as the wall is approached,
revealing that the coarse approximation transitions from under-predicting to
over-predicting perpendicular diffusion. Close to particle-to-cavity contact (far
right of the plot), the relative error diverges because the coarse approach cannot
account for vanishing mobility at the wall, and thus would vastly over-predict
the speed of particle motion there — possibly permitting particle ‘escape’. As
volume fraction increases the relative error oscillates but does not undergo ad-
ditional reversals, reflecting the fact that the effect of structural heterogeneity
on perpendicular diffusion is weaker than its effect on radial diffusion. With
decreasing particle-to-cavity relative size, the relative error decreases; however,
error is still quite significant near the center for the smallest particles.
Overall, the assumptions of isotropy and position independence lead to sig-
nificant error in the predicted perpendicular diffusion even for relatively small
particles at dilute concentrations. As with the relative error obtained for radial
diffusion, error only increases with increasing particle size.
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Figure B.4: Relative error of the short-time self-diffusivity in the perpen-
dicular direction approximated by the early time behavior of
the mean-square displacement. Plots (a), (b) and (c) corre-
spond to the relative error in the perpendicular direction for
suspensions with a particle-to-cavity relative size of 1/5, 1.5/10
and 1/10, respectively.
B.5 Statistical sampling and standard error
Here we discuss statistical error associated with spatial averaging of par-
ticle positions and displacements and how these impact results presented for
the radial distribution function, short-time self diffusion, and anisotropy of dif-
fusion. Division of the cavity into spherical shells of fixed thickness (cf. §3.2)
permitted a discretized means by which to compute the probability of finding
a particle a given radial distance from the cavity center. Fixed shell thickness
gives a clear location of the inner radius of each shell, but also produces shells
of progressively smaller volume as the center of the cavity is approached. Sta-
tistical sampling is thus best in the large shells far from the center, and noisiest
near the center.
This behavior is illustrated in figure B.5, where the radial short-time self dif-
fusivity is plotted as a function of radial position and the error bars correspond
to the standard error of the reported value. The standard error is largest for ra-
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Figure B.5: Radial component of the short-time self-diffusivity in confined
suspensions as a function of normalized distance from the cen-
ter y/R for particle-to-cavity size ratios (a) λc = 0.2, (b) λc = 0.15,
(c) λc = 0.1, and (d) λc = 0.05. Number of particles per simu-
lation varies with volume fraction as shown in plots. Error
bars are larger for particles near the center of the cavity, due to
lower sampling of radial bins near the cavity center where the
volume of each bin is small.
comes progressively smaller moving radially outward as bins grow in volume.
The uncertainty of other position-dependent quantities follows a qualitatively
similar trend, wherein error bars are smaller for positions close to the cavity
wall than they are for positions close to the cavity center. To mitigate error near
the center, the number of simulations was increased until the average relative
error obtained in a region from the cavity center to half the cavity radius was
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5 − 18%; relative errors near the wall are small due to better sampling in bins of
higher volume.
Time-dependent quantities, such as the mean-square displacement and the
excess kurtosis, are computed as a function of simulation lagtime. Simulation
snapshots are taken by tracking particle positions over a time interval ∆t in a
simulation with a total time t f , with samples obtained from all of the particles.
The total number of snapshots is thus given by Ns = t f /∆t, which is directly
proportional to the simulation time but inversely proportional to the time inter-
val ∆t. Thus, in the calculation of all time-dependent quantities, a smaller time
interval produces more snapshots for averaging. As a result, the uncertainty is
smaller at short times, and increases as the value of the time interval increases.
This behavior is illustrated in figures 5.10 and 5.11, where the noise increases
as the time interval of interest increases. For each volume fraction and particle-
to-cavity size ratio, at least three simulations were carried out for a total of 200
diffusive time steps, to observe the long-time plateau for all particle-to-cavity
relative sizes. These simulations provided enough samples to obtain a relative
standard error less than 0.5% for the mean-square displacement at short and
intermediate times, as evidence by the nearly indistinguishable noise in figure
5.10. Only for time intervals comparable to the total simulation time does the
standard error of the mean-square displacement lead to noticeable statistical
noise in figure 5.10. Noise becomes more observable in the excess kurtosis (fig-
ure 5.11) owing to the small magnitude of the measurement itself,, which results
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Figure B.6: Short-time self diffusivity in the (a) radial and (b) perpendic-
ular directions as a function of normalized distance from the
center y/R. Solid symbols represent the short-time self diffu-
sivity from force-torque simulations, hollow circles represent
the short-time self diffusivity from force-torque-stresslet sim-
ulations at matching volume fractions, and solid lines repre-
sent the short-time self diffusivity in unbound suspensions at
matching volume fractions. Particles are 1/5 the cavity size and
several volume fractions are plotted as shown in the legend.
B.6 Effects of truncating at the force-torque level
In this section, we discuss the effect of truncating the far-field mobility ma-
trix Figure B.6 presents a comparison of the short-time self-diffusion coefficients
for the force/torque only calculation and for the force/torque/stresslet calcula-
tion. The radial and perpendicular short-time self diffusivities for particles that
are 1/5 the cavity size are plotted as a function of particle distance to the cavity
center in figures B.6(a) and B.6(b), respectively. Solid symbols correspond to the
radial short-time self diffusivity predicted by force-torque simulations, hollow
circles correspond to the short-time self diffusivity obtained from force-torque-
stresslet simulations, and solid lines correspond to the short-time diffusivity of
particles in an unbound domain. Solid symbols, hollow circles, and solid lines
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of equal color correspond to simulations at matching volume fractions. As seen
in the figure, the results are nearly indistinguishable, demonstrating that the
weak contribution of the stresslet at equilibrium can be neglected.
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APPENDIX C
APPENDICES RELATED TO CHAPTER 5
C.1 Effect of particle to cavity relative size
Here, we analyze the dependence on particle-to-cavity relative size of the
concentrated pair mobility in the confined domain. The same qualitative be-
haviors observed in chapter 6 are observed for the different particle-to-cavity
relative sizes. As expected, the prediction obtained from using the spherically
confined Green’s function performs worse for larger particle-to-cavity relative
sizes.
C.2 Concentrated pair mobility along the line of centers
In figures C.1, C.2, and C.3, the concentrated pair mobility along the particle
line of centers is plotted as a function of separation distance between the par-
ticles for suspensions where the particle-to-cavity relative is 0.1, 0.15, and 0.2,
respectively. Plots labeled (a)-(d) in figures C.1, C.2, and C.3, present data for
particles in different locations inside the cavity, where the distance to the cavity
center increases from (a) to (d) in each plot. Data from dilute to concentrated is
presented in each plot, as shown in the legends.
As with the concentrated pair mobility along the line of centers in suspen-
sions where the particle-to-cavity relative size is 0.05 (cf. chapter 6), the pres-
ence of the confining boundary leads to a faster decay of entrainment with
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Figure C.1: Self and entrained concentrated pair mobility along the line
of centers for spherically confined particles in suspension of
varying concentrations as a function of particle separation dis-
tance. The particle-to-cavity relative size is a/R = 0.1
comes faster, meaning the effects of confinement become more pronounced, as
expected. As with smaller particles, increasing volume fractions only leads to
an O(1) suppression of entrainment, and does not further alter the dependence
of particle entrainment with inter-particle separation distance. Next, we ana-
lyze how changing particle-to-cavity relative size impacts the concentrate pair
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particle pair center-to-center distance, r/a
confined dilute theory
Figure C.2: Self and entrained concentrated pair mobility along the line
of centers for spherically confined particles in suspension of
varying concentrations as a function of particle separation dis-
tance. The particle-to-cavity relative size is a/R = 0.15
C.3 Concentrated pair mobility perpendicular to the line of
centers
In figures C.4, C.5, and C.6, the concentrated pair mobility perpendicular to
the particle line of centers is plotted as a function of separation distance between
the particles for suspensions where the particle-to-cavity relative is 0.1, 0.15, and
0.2, respectively. Plots labeled (a)-(d) in figures C.4, C.5, and C.6, present data






































0 3 4 5 6













0 3 4 5 6 7

















Figure C.3: Self and entrained concentrated pair mobility along the line
of centers for spherically confined particles in suspension of
varying concentrations as a function of particle separation dis-
tance. The particle-to-cavity relative size is a/R = 0.2
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cavity center increases from (a) to (d) in each plot. Data from dilute to concen-
trated is presented in each plot, as shown in the legends.
As with particles with a particle-to-cavity relative size of 0.05, confinement
induces a sign change in the concentrated pair mobility perpendicular to the
line of centers. The separation distance at which the sign change is observed
varies with the position of the interacting pair inside the spherical cavity. Al-
though for particles near the center the sign change may be predicted from the
functional form of the spherically confined Green’s function, the prediction be-
comes increasingly worse as with increasing particle size and increasing prox-
imity to the cavity wall. This is expected, as larger particles or particles close
to the cavity wall are not able to interact with each other or with the cavity as
points.
For very large particles close to the cavity wall, plots C.6(b) and C.6(c), the
entrainment pair mobility is exclusively negative. For such large particles near
the cavity wall, a forced particle will induce a recirculation flow that entrains
any particle found at the same radial position in the opposite direction of the
forced particle. This reflects that confinement induced effects become more pro-
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Figure C.4: Self and entrained concentrated pair mobility perpendicu-
lar to the line of centers for spherically confined particles in
suspension of varying concentrations as a function of parti-
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Figure C.5: Self and entrained concentrated pair mobility perpendicu-
lar to the line of centers for spherically confined particles in
suspension of varying concentrations as a function of parti-
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Figure C.6: Self and entrained concentrated pair mobility perpendicu-
lar to the line of centers for spherically confined particles in
suspension of varying concentrations as a function of parti-
cle separation distance. The particle-to-cavity relative size is
a/R = 0.2
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C.4 Components connecting a radial force to a perpendicular
velocity and a perpendicular force to a radial velocity
Whereas in an unbound domain a force along (perpendicular to) the line of
center between the particles will lead to motion only in that direction, the pres-
ence of a boundary results in a coupling between force along (perpendicular to)
the line of centers and motion perpendicular to (along) it. However, the strength
of this coupling is very weak, with a magnitude smaller than ≤ O(10−2) for all
particle-to-cavity relative sizes considered in this work. As a consequence, the
concentrated pair mobility for this coupling obtained from the simulation is
not distinguishable from simulation noise. Here, we consider the concentrated
pair mobility predicted by the leading order Green’s function in the confined
domain, in order examine the behavior of this coupling as a function of inter-
particle separation distance, radial position in the cavity and particle-to-cavity
relative size.
In figure C.7(a)-(b), the leading order entrainment mobility coupling a force
perpendicular to the particle line of centers to a velocity along the line of cen-
ters is plotted for particles that are 1/20, 1/10, 1.5/10, and 1/5 the cavity size,
respectively, as a function of separation distance between the particles. Differ-
ent curves correspond to particles at different radial positions within the cavity,
as shown in the legends. A coupling between a perpendicular force and a radial
velocity would be zero in an unbound domain and thus it is an effect arising
due to confinement. The magnitude of the coupling is the smallest for positions
near the cavity center, where confinement effects are weakest, and increases in
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Figure C.7: Entrained mobility coupling a force perpendicular to the line
of centers between the particles to velocity along the line of
centers. Particle to cavity size ratios and particle radial posi-
tions inside the cavity are as shown in each legend.
confinement effects are strongest. For the position closest to the wall (black
line), the coupling for particles close together (far left of the plot) is predicted to
have the highest magnitude. However, the value of the coupling quickly decays
with particle separation distance, making it smaller than the corresponding cou-
pling for particles found closer to the cavity center. This reflects that although
confinement effects are strongest near the wall, leading to a stronger coupling
when particles are close together, motion is strongly hindered, leading to a fast
decay of the coupling with particle separation distance. The positive value of
the coupling implies that when the forced particle is acted on by a perpendicu-
lar force, the radial motion of the entrained particle would move it away from
the forced particle.
In figure C.8(a)-(b), the leading order entrainment mobility coupling a force
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Figure C.8: Entrained mobility coupling a force along the line of centers
between the particles to velocity perpendicular to the line of
centers. Particle to cavity size ratios and particle radial posi-
tions inside the cavity are as shown in each legend.
centers is plotted for particles that are 1/20, 1/10, 1.5/10, and 1/5 the cavity size,
respectively, as a function of separation distance between the particles. Similar
behaviors to those obtained for the coupling between a perpendicular force and
a radial velocity are observed, the strength of the coupling increases with prox-
imity to the cavity wall and for the position closest to the wall the coupling has
a fast decay with particle separation distance. However, this coupling is found
to have a negative value, meaning that when a forced particle is acted on by a
radial force, the motion of the entrained particle a radial force acting on a forced
particle the perpendicular motion of the entrained particle would move it away
from the cavity wall.
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